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Abstract 

The purpose of this paper is to prove local upper and lower bounds for weak solutions of 
semilinear elliptic equations of the form — An = cu p , with < p < p s = (d + 2)/(d — 2), defined on 
bounded domains of R d , d > 3, without reference to the boundary behaviour. We give an explicit 
expression for all the involved constants. As a consequence, we obtain local Harnack inequalities 
OA with explicit constant, as well as gradient bounds. 
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1 Introduction 



In this paper we obtain local upper and lower estimates for the weak solutions of semilinear elliptic 
equations of the form 

(1.1) -Au = /(u) 

posed in a bounded domain fl C M. d . The choice of right-hand side we have in mind is f(u) = Xu p 
with X,p > 0. The range of exponents of interest will be 1 < p < p s := (d + 2)/(d — 2) if d > 3, or 
p>lifd=l,2. This problem is one of the most popular problems in nonlinear elliptic theory and 
enjoys a large bibliography $\&\®\^\^\n\T&\M\M\£ll\^\M\M^^^ hi < p < Ps 
and [7J [TT] for p = p s . We refrain from attempting to give a complete bibliography for this nowadays 
classical problem. 

We focus our attention on obtaining local estimates for solutions that are defined inside the domain 
without reference to their boundary behaviour. This is the notion of solution we use. 



Definition 1.1 A local weak solution to equation 
with f{u) £ Lj oc (Q) which satisfies 



-Au = f(u) in fl is defined as a function u £ W, ' (Cl) 



(1.2) / [Vu • \7ip - f(u)<p] dx = 

J K 

for any subdomain with compact closure K C O and all bounded ip £ Cq(K). 

Our aim is to contribute quantitative estimates in the form of upper bounds for solutions of any 
sign, lower bounds for positive solutions, and also local Harnack inequalities and gradient bounds. By 
quantitative estimates we mean keeping track of all the constants during the proofs. As far as we 
know, there does not exist in literature a systematic set of quantitative estimates of local upper and 
lower bounds, and neither of the Harnack constant, in the form we explicitly provide here. We recall 
that the quantitative control of the constants of such inequalities may have an important role in the 
applications; it is needed for instance in the results of [3] on the asymptotic properties of solutions of 
the fast diffusion equation in bounded domains. 

Contents and main results. We start with a section devoted to basic energy estimates. We then 
consider in Section [3] the upper estimates for nonnegative solutions of the equation — Au = Xu p . The 
exponent range is < p < p s , a main restriction of the theory, as it is already well known. See also 
|10j for L°°-bounds of different type for Equation ( 1.1 1 with more general nonlinearities. Our first main 



result, Theorem |3.1| can be considered as a smoothing effect with very precise constants; it is much 
simpler for p < 1, but we also obtain the more complicated and novel estimates for 1 < p < p s . Next 
we obtain local upper estimates for 
apply them to the case b(x 



= n,P- 1 



—Au = b(x)u with unbounded coefficients in Theorem 3.8 and we 
in Theorem 



3.9 



In ScctionRlwe prove quantitative lower estimates, Theorems 4.6 4.8 We prove Harnack inequalities 
in Theorems |5.1 5.2 and 5.3 All of these results appear to be well known from a qualitative point 



of view. Let us mention that, as far as we know, the Harnack inequality for solutions to (1.2) when 



p > 1 is not stated explicitly in the literature. The fact that the "constant" involved has to depend on 
u when p c < p < p s is confirmed by the results of [5] , [2] applied to separation of variable solutions 
of parabolic problems, see also the very recent monograph [15] . This is also related to the fact that, in 
the range p c < p < p s , there exist (very weak) singular solutions. Notice also that in such a range the 
notion of weak and very weak solution is really different, cf. [13l [22l [25J [26j \27\ [28] . 

In Section [6] we derive quantitative absolute upper (for 1 < p < p c ) and lower bounds (for < p < 1) 
which are new as far as we know, cf. Theorem 6.1 The last section is devoted to quantitative gradient 
estimates, cf. Theorem 7.1 and absolute upper bounds for the gradient when 1 < p < p c , cf. Theorem 
1731 
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As a consequence of the above theory, we conclude that functions in the so-called De Giorgi class 
(satisfying Sobolev and local reverse Sobolev inequalities, at least at the level of truncates) are indeed 
locally bounded functions. 

Much of the known theory takes into account boundary conditions of different types: Dirichlct, Neu- 
mann, Robin, or other. Our results apply to all those cases. We will study the precise estimates for the 
Dirichlct problem in an upcoming paper [4]. 



2 Preliminaries. Local energy estimate 

We shall pursue in the sequel the well-known idea that local weak solutions satisfy reverse Sobolev 
or Poincare inequalities. Such local reverse inequalities are the key to prove local upper and lower 
estimates of next sections, and indeed imply that such functions are Holder continuous. We comment 
that a similar line of reasoning could be adapted to deal with function belonging to suitably defined Dc 
Giorgi classes. 

Lemma 2.1 (Energy Estimates) Let Q C K. be a bounded domain, and let p > and A > 0. Let u 

be a local nonnegative weak solution in Q to — Au — Xu p . Then the following energy equality holds true 
for any S > , and any positive test function cp £ C 2 (fi) and compactly supported in i7; 

(2.1) 4a f |V ((« + *) ^ \ 2 tpdx = A(a + 1) 2 f u p (u + 5) a ip dx + (a + 1) f (u + 5) a+1 Aipdx. 

Jn * ' Jn Jn 

Moreover, for any S > we have the Caccioppoli estimates 

(2.2) A [ -^--tpdx+ [ |Vlog(u + [ dx. 

Jn u + s Jn Jn V 

Local subsolutions u of —Au < Xu p satisfy, for a 7^ —1 and S > 0: 

(2.3) 4a / |V ((u + <5)^) | V d.T < A(a + l) 2 / u p (u + S) a ip dx + (a + 1) / (u + S) a+1 A<p dx 

Jn ^ ' Jn Jn 

while local supersolution — Au > Xu p satisfy, for any a =/= —I and S > 0: 

(2.4) . 4 " f ^((u + S)^ 1 ) \\dx> A / u p (u + S) a ^dx+- i — f (u + S) a+1 A^dx, 
(a + \) z J n \ I J Q a + 1 J n 

and the Caccioppoli estimates also work. 



Remark. Notice that when a > —1, we can let 6 = in the energy identity (2.1 1 to get 

(2.5) 4a / |v(u^) \ 2 <pdx = \(a + lf [ u p+a tp dx + (a + 1) / u Q+1 A^da;. 

Jn ^ ' Jn Jn 

The same remark applies to subsolutions: 

(2.6) 4a f |V (u 3 ^) \ 2 pdx < A(a + l) 2 f u p+a ^ dx + (a + 1) f u a+1 A V dx 

Jn ^ ' Jn Jn 

Proof. Let ip E C 2 (0) n C%{Q) and S > 0. Multiply -Au by (u + 5) a ip, with a ^ -1 and integrate by 
parts to get 



(2.7) 



ip(u + 8) a Audx = / Vtp- (\7u)(u + S) a dx + a / ip(u + 6) a ^\Vu\ dx 
Jn Jn 

= • / {u + 5) a+l A V dx+ -. 4 " / \V{u + 5)^\^dx. 

a + 1 J n (a + l) 2 



±1 |2 
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For local weak solutions of — Au = Xu p , the above equality immediately gives the energy identity (2.1) 

upersolutions. 



for Similar considerations hold, in the stated range of a, for sub and supersolutions. To derive 

the Cacciopoli estimate we use the test function ip/(u + S) to get 



< A 



<5 



(pdx — 



:Audx = 



(u + sy 



Vit dx 



u + 5 JTp 



dx 



< - [ ip\V log(u + S)\ 2 dx + i / dx + ^ / I Vlog(u + 8) \ 2 tpdx 

Jn 2 Jn <P 2 J n 

|V^| 2 



,2 1 

y>Vlog(u + #) dx + - 



da; . 



where we have used the inequality a ■ b < (\a\ 2 + \b\ 2 )/2. □ 
We shall also need the following particular computation. 

Lemma 2.2 Fix two balls Bji t C Br q CC ft. Then there exists a test function <p G Cq(Bji q ), with 
= on dft, which is radially symmetric and piecewise C 2 as a function ofr, satisfies supp(<ys) = Br 
and ip = 1 on Bfj t , and moreover satisfies the bounds 

4 „ . „ . Ad 



(2.8) 



Rq — R\ 

Proof. Consider the radial test function defined on Br 

( 1 



and IIA^Hoo < 



(R -Ri) 2 ' 



(2.9) 



<pQx\) 



1 - 



2(M--Bi) 2 
(R -Ri) 2 



if < |acrj < i?i 
if Ri < \x\ < 



Ro+Ri 
2 



2(R -\x\) 2 

(Ra-Ri) 2 



for any < R\ < Rq. We have 



v<p(M) 



4(|a;|-fli) x 
(Ro-Rl) 2 \x\ 

4(Ro-\x\) x 
(flo-fli) 2 \x\ 



if < |x| < Rq 



if \x\ > Rq 

if < |x| < i?i or if \x\ > R 

if Ri < \x\ < 

if ^4^- < Ixl < Rq 



and, recalling that Aip(\x\) = ip"(\x\) + (d - l)ip'(\x\)/\x\, 



4 d-1 4,(\x\-R 1 ) 



A<p(\x\) 



(Ro-Ri) 
4 



| a; | (R -R!) 2 



d-1 4(R -\x\) 

(Ro-Ri) 2 \x\ (i?. --Ri) 2 



if < \x\ < Ri or if |x| > R Q 
if Ri < \x\ < ^±^- 
if ^4^- < \x\ < R 



As a consequence we easily obtain the bounds ( |2.8[ ). □ 

Corollary 2.3 (Quantitative Caccioppoli Estimates) Let S > 0. Let ft C Mr be a bounded do- 
main, and let p > and A > 0. Let u be a local positive weak solution in ft to —Au = Xu p . For any 
Bji C Bji a CC ft we have 

8ujdRo 



f uP f i^, , rxi2 , „ 8a; 

,\ F dx + / Vlogu + <5) dx<— — 



(2.10) A 

where Ud denotes the volume of the unit ball in M. d . 



Rf 
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Proof. We use (2.2), using the test function <p of Lemma 2.2 with R replacing R\. 
x[ "to- 



u + S 



[ |Vlog(it + (5)| 2 da; < A / — ^— ipdx + [ ip\ V log(u + S) f dx 
Jb r JnU + 6 J n 



< 



\^V\ 2 Ax< 8|su PP (y)| = fkj d R$ 



a <P 



(R - RY (Ro - R) 2 



Note that the case 6 > follows immediately from the case S = since u > 0. 



Remark. Letting 5 = in the Caccioppoli estimates (2.10) shows that 



(2.11) 



A 



Br \ R 



Rf 



When p > 1 this yields a local absolute upper bound for the local L p_1 -norm, a fact that will allow to 
conclude an absolute local L°°-bound in the range 1 < p < p c := d/[d — 2), as we shall see in Section [6j 
This absolute upper bound represents a novelty both because it is quantitative and because it is local: 
to our knowledge this is the first absolute local bound for elliptic equations. When p — 1 such absolute 
bound is easily seen to be impossible, while in the case < p < 1 we get an absolute lower bound for 
the local L p ~ ^integral, which is new, at least as far as we know. It will be used below. 



2.1 More general nonlinearities 

As long as we deal with local estimates, we can apply the method to a larger class of operators and 
nonlinearities. (i) First of all, namely we can treat local solutions of: 

(2.12) - V ■ A{x,u, Vtt) = Xu p , 
where A is a Caratheodory function such that 

vAtf <A( Xl u,0<<V2\i\ 2 and \A(x, u, £)| 2 < ^|£| 2 

for suitable constants < v\ < i>2- The proofs of the inequalities are the same, and the results contain 
vi (resp. V2) depending on whether you consider subsolutions (resp. supersolutions) . 

(ii) Second we can consider supersolutions of the problem 

(2.13) -V ■ A(x,u,Vu) = f(x,u), 

as long as f(u) > Oq u p with ag > 0, since they are supersolutions of —V • A(x, u, Vit) = Oq u p . 



(hi) We can consider subsolutions of (2.13) with f(u) < a\(u + bi) p , and a\,b\ > 0. Then we can 
obtain an estimate for v = u + b\. 

The only thing that changes a bit are the energy estimates, and it is not so difficult to keep track of 
the new constants throughout the proof. We have decided here to consider the model case, to simplify 
the presentation and to focus on the main ideas. 

(iv) Other semilinear problems of this type are treated in the literature. Thus, Ambrosetti and Prodi's 
book [5] discusses right-hand sides of the form f(x, u) = Xu + c{u) + h(x), with ael, c(-) 6 C°(K) D 
L°°(K) and h £ C 0,a (£l), for some a £ (0, 1) . Such nonlinearities can be treated with the methods 
presented here as well. We refrain from dealing with it in this work. 



3 Local Upper Bounds 

This section is devoted to the proof of the upper bounds and we will provide two kinds of estimates. We 
prove local upper bounds for nonnegative subsolutions, then by Kato's inequality it is easy to extend 
such results to solutions with any sign. 
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3.1 Local upper bounds I. The upper Moser iteration 



The local upper bounds follow from the local Sobolev imbedding theorem on balls Br C 
(3.1) 



Il 2 *(Ba) - 5 2 M|V/||l=( Sji ) + ^II/IIl^Br)) 



where 52 = 6>2(i?i) is the best constant and 2* = 2d/(d — 2). We are requiring hereafter without any 
further comment that d > 3. The Sobolev inequality combines with the energy inequalities of Lemma 
2.1 which can be considered as local reverse Sobolev (or Poincare) inequalities. The proof of the local 
upper bounds goes though the celebrated Moser iteration. We adopt the notation ||/||l«(b r ) = ll/Hg.-R, 
we recall that \Br\ = u>dR d and that f x f(x)dx = J x f(x) dx/\X\. Throughout this section we are 
considering nonnegative subsolutions u to — Au — Xu p , unless otherwise explicitly stated. 

Theorem 3.1 (Local Upper Estimates) Let f2 C M. d and let A > 0. (i) Let u > be a local weak 
subsolution to —Au = XvP in Q, with 1 < p < p s = 2* — 1 = (d + 2)/(e? — 2). Then, for any 
q > q := d(p — l)+/2 and for any Broo ^Ro — ^> ^ e following bound holds true 



(3.2) 



\ U \\h°°(B Roa ) < Ioo,q 



u q dx 



i p - x da; 



where fj, — d/(2q — d{p — 1)) = d/2(q — q) , and the constant Ioo,q > depends on d,p, q, Rq, Roc, but 
not on A. 



(ii) For < p < 1 the estimate simplifies into 
(3.3) 



U IIl°°(B Kdo ) < Ioo,q T 

\Jb Ro 



1/'/ 



i q dx 



valid for all q > 0. Ioo,q > has the same dependence as before, and it also depends on A when p = 1. 
but not otherwise. 



Smoothing Zone 




0,5 



local upper estimates. 



P S 2,5 



Exponents of the 



Remarks on the result, (i) Inequality (3.2) is a kind of reverse Holder inequality, indeed we can 
rewrite it as: 



(3.4) 



u.mMp- 1 ) ii,, ii <r r< iu,ii 1+ ^(p _1 ) 
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Written in this form, it is clear from Holder's inequality that a constant which makes (3.4 1 true for a 
q > q, make the same inequality true also for all q' > q . The same applies to (3.3) . 

(ii) The linear case p = 1 is well known, cf. [TH1 Q23 [20] ■ 

Remarks on the constant, (i) The proof below allows to find the following expression for the 
constant: 



L oo,q 



(3.5) 



C\SnU3 



2, , <*(p-i) 
1 L 



{i-pY 

d-2 



2,-d(p-l) + 



2(eJ-2) 



A 



+ (1 - p) 2 max 



d-2 
(d-2 



(Vd-Vd^Y 



\(d^l*-< d - 2 >l'4 



where p = Roo/Ro < 1 and we have used the convention x+Jx — when x — and, moreover, we have 
set A p = 2 if p ^ 1, A p = A/4 if p = 1, with 



(3.6) 



(d-2)q 
{d-2)q-d 

n ■= < ( 3 4 3 ) fc »- 1+! [ g -^<^±]+( P -i) + ^ 
max t- r L J 



if 9 > 3^2 

ifO<g<si 



(hi) When g also satisfies < q < d/(d — 2), we will require in the proof the additional condition 



(3.7) 



log 



2'-d(p-l) + 
2q-d(p-l) + 



is not an integer, and we let fcg = i.p. 



log 



2*-rf(p-l) + 
2q-d(p-l) + 



(i.p. is the integer part of a real number). Notice that taking q = p + 1 > — l)/2 is possible if and 
only ifp<p s = (d + 2)/(d-2). 



(iv) Of course, condition (3.7) is not essential, in view of the remark after formula (3.4). In fact, let 
q > dijp ~^+ be such that that A{q) := log g^E^fern^ /log i s an integer. Take q £ (d(p — l)+/2, g) 
such that A(g) is not an integer. Then (3.2) is valid with q instead of q. 



Proof. We are going to use the energy identity (2.1 ) for any a > — 1, a/0, in the form (2.3) valid for 
subsolution, to prove L q — L°° local estimates via Moser iteration, keeping track of all the constants. 
We divide the proof in several steps. 



• Step 1. Let u as in Lemma 2.1 and <p the test function of Lemma [2T2| which is supported in Br and 
such that ip = 1 on Br x . The local Sobolev inequality (3.1) on the ball B^ applied to / = u^ a+1 ^ 2 , 
together with the energy inequality (|2.3|) (we can take 6 = as in (2.6)), gives 



(3.8) 



V (<*+*) da 



< S, 2 



s 2 



< Si 



< si 





Vit" 


Ib Ro 


Vu" 


X(a 


+ 1) 2 


4 


a\ 


\(a 


+ 1) 2 


4 


G 


X(a 


+ 1) 2 


4 


a\ 



1+1 ,2 



1 

if 



u a+1 da; 



1 



dx 



u p+a tpdx + 



i p+a dx 



i p+a dx 



a + 1 
4|o| 



u a+1 A<^da;- 



1 



,a+l 



dx 



(a + l)HAy.|| 
4|a| 

d(a + l) 
|a|(i? -i?i) 



1 

1 

Rj 



,a+l 



dx 



dx 
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in the last step we have used the inequality HAyHoo < 4d/(i?o — Ri) 2 of Lemma 2.2 

• Step 2. Caccioppoli estimates and the first iteration step. Now we need to split two cases, namely 
< p < 1 and 1 < p < p s , and in both cases we will use the Caccioppoli estimate (2.101 with 6 = 
which holds for any p > and reads 

IL.IIP- 1 



\B Ro \ ~ (i? -i?oo) 2 ' 



(3.9) A- 

Superlinear case: 1 < p < p s . We continue estimate ( |3.8[ ) as follows: 

2 

2* 

d{a + l) 1 1 J BRo ua+ldx ^ 



Br 1 



< s. 



X(a + lf 
i\a\ 



|a|(i?o-i?i) 2 R\ 



f R uP+ a dx 

J Br, 



5R 



dx 



Bo 



(3.10) 



<(a) S 2 



A(a + 1) 2 
4|a| 



c!(a + 1) 1 



1^0 I 



[„ -up- 1 dx 



dx 



S 2 \B Ro \ \(a + lf 



MP-l 
llp-l,fl 



< 



(ft) 



np-1 I 
llp-l,i?, 

Sfl-Bflol 



5 2 IB 



4|a| \B Ro \ 

2(a + l) 2 
laK^o-i?!) 2 " 
1 



d(a + l) 1 
a|(i? -i?i) 2 + i?f 
d(a + 1) 1 " 



i p+Q dx 



laK^o-i?!) 2 i? 2 



da; 



Ho 



(%-i?i) 2 iK:U 



(2(a + l) 2 + d(a + l)) + 



(J?o — R\Y 



p+a 



dx 



where in (a) we have used the convexity in the variable r > of the function N(r) — log||u||£, the 
incremental quotient is increasing, hence choosing a + 1 > a > 0, we obtain 



N(p - 1 + a) - N(a) N(a +p)- N(a + 1) 



p-l 



p-l 



that is 



\M P p 



1+5 



< 



IQ+P 

la+p 



Then we have 

ici+p 



U 



a+p 



U 



<v + l 



> 



p— 1+Q 
p— 1+Q 



— ||tt||p_i +a > \B Ro \^ \B Ro \^ X | 



a+l 

since by Holder inequality 

IMIp-i 

Hulls 



p— 1+a 



IP— 1 



p-l _ 



ip-1 
I p-l 



p-l 



\B Ro \ 



> \B f 



and 



\u\\p-l+a>\B R \«+P-i P-i\\u\\ p -i. 



In (b) we have used the Caccioppoli estimate (3.9 1. 

Sublinear case: < p < 1. We first assume < p < 1, we discuss the case p = 1 separately. We 
continue estimate (3.8) as follows: 

(3.11) 



< a+1 ^dx 



<s 2 2 



< s 2 



' \{a + l) 2 f Brto uP+a dx dja + T) _1_ 

4|«| j Bro u a+i dx + M(i? - i?i) 2 + i? 2 y i Bno 

2(« + l) 2 d(a + l) 1 \ /■ +1 

|a|(i?o - i?oo) 2 |a|(i?o - i?i) 2 Ri) Jb Ro 



,a+l 



dx 



dx 



S. 



(Ro — R c 



(2(a + l) 2 + rf(a + l)) + 



(Ro - Ri) 
R\ 



dx 



Br„ 
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which follows by the convexity in the variable r > of the function N(r) — log ||u||^, which implies that 
the incremental quotient is increasing, hence choosing a + l>a:=/3o>0, we obtain 



N(p - 1 + a) - N(a) N(a + p) - N(a + 1) 



p-l 



< 



p-l 



that is 



p—l+a 



< 



ta+p 
I a+p 



\a+l 
\a+l 



hence 



f R u a+1 dx 

J -D 7?,-, 



Q + l 



< 



< 



lp-l,-Ro 



< 



1-p ~ \B Ro \ ~ A(iZ -iU 2 



again by Holder inequalities, we just stress on the last step in which we have used that 



IMIp-i,fl < Nig 



\B 



Ro 



\Bno\i 



hence 



\B Ro [ 



< 



Ip-l.-Ro 



< 



\L-p ~ \B Ro \ - A(i? -i?oo) 5 



which is true since p — 1 < < a, and in the last step we have used the Caccioppoli estimate (3.9). 
Notice that when p = 1, we obtain directly that 



(3.12) 



Hi 



Si 



<S 2 
1 ( A 



2 /A(a + 1) 2 



4M 



a V4 



(a + If + d(a + 1) + 



d(a + l) 1 
a|(i? -i?i) 2 + i?f 

(i?o — Ri) 21 



u a+1 dx 



dx 



TTie first iteration step. We can write the first iteration step for all p > in the following way: let 
/3 = a + l>/3o>0 and recall that we are requiring j3 ^ 1 as well, then inequalities (3.10) and (3.11) 
can be written as 



(3.13) 

where 
(3.14) 



u 2 13 dx 



I(p,P,R u Ra) 



£> 2 



< i(p> Pi -Ri) Ro) f 

J E 

\Bro\ 



/+(P-D+ dx 



Br„ 



DR 



A P (3 2 + d(3 (go - Ri) 1 
1/3-11 + 



where A p = 2 if p ^ 1 and A p = A/4 if p = 1. 

• Step 3. The Moser iteration. Let us define the sequence of exponents (3 n > so that 

2* 

n = yAi-i - (p - 1) + 



(3.15) 

0n = 



- T - 


n 






"2*~ 


n ■ 


to 





n-1 

A) - (p - i)+ E 

/c=0 

A.-(P-1) + ^ 



2* 

= y ^-r 


that 


is 


and all n 


> 1: 










■ 2 *- 


n 


(t) 




~2~ 





/3 Q -(P-1)+E 







- 2 *- 


n - 














y 





A) -&>-!)+ 



2* 
d-2 



+ (p-l)+ 



d-2 



since Ylj=i ^ = (1 ~ s k )s/(l — s). Moreover we have that for all p > 1, 



d-2 

/9n ^Al--S-(P-1) + . 

n— f oo z 
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Requiring that /3q > (p— l)+(d— 2)/2, which will be assumed from now on, then implies that /3„ — > +00 
as n — > +00. We shall also require that f3 n ^ 1 for all n. 

We will explicitly choose a decreasing sequence of radii < Roc < . . . < R n < R„-i < ■ ■ ■ < Ro m the 
next step, in order to estimate explicitly the constants. The first iteration step then reads: 



U 2> 



(3.16) 



IB, 



./P-1)++Pn dx 



I Br 



j_ gn + (p-l) + 

:= It ||«" " 



t p n II II 2 n 



where the constants I(p, (3, Ri, Rq) are defined in (3.14). Hence 
(3.17) I n = I(j>,p n ,R n ,R n _ 1 )= ^ U "'" 1 



(Rn-l - Rn) 2 J Br dx 



\0n ~ 1| " ^ 



Iterating the above inequality yields 
(3.18) 



f2* \ 2 g.i-2 

1 1 2 ; p„ 



< r/3„ r 2 ft, rl, 2 J 0„ II III 2 J 0„ < TT A 2 j 0„ II u{ 2 ) 



with 



d — 2 2* 
A > — ^— (p- 1)+ or q := —fa > 



3=1 

d( P -l)+ 



Taking the limit as n — > oo we obtain 
(3.19) 



n 



wlloo.fl^ = hm HI?. «, R 



~~ n-J-oo 11 ft 



fe=l 



< hm n4 2;r%1 "ii«ii^«" 



fe=l 



7 II II 2 9- rf (p-l) + 



/ 2 * x n-k I 

notice that the penultimate passage follows because we shall see below that IIfc=i f> " has a 

limit lac as n — > +00. 

As a consequence of the above estimates u € L°° , so that the above bounds holds for any q > d(j>— 1)+/2 
as stated, provided we show that the constant 1^ is finite and can be estimated as in (3.5). 



• Step 4. Estimating all the constants. Now it remains to estimate /oo. We will prove later that 
(3.20) h<h(p) y 

where Io(p) will have the explicit form given in formula (3.25). Using such bound we show that 

= ^ A i^"* = A-exp log (if 

fc=i Lfe=i v 7 . 

1 ™ / \ fc 



: lim exp 

n— > oo 



< lim exp 

n— ¥ oo 



: lim exp 

rt— >oo 



fc=l 
it ^ n 



k=l 





- 2 *- 




(,. 











fe=l 



k=l 
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exp 



exp 



= exp 



+00 / ^ \ k 



P0-!±=Z(p-l) + 

2 

2A,-(d-2)(p-l) + 
d-2 

2/3 -(d-2)(p-l)+ 



fc=i 



+00 



log(J )^— ^+21og 



fc=i 

2*\ d{d-2) 



log(Io) 



2 

d(d-2) 



r 2,3 -(d-2)(p-l) + 



d(d-2) 
2* \ 2/3 -(d-2)(p-l) + 



2A)-(d-2)(p-l)+ 

d— 2 



log 



in - 



20 o -(d-2)(p-l) + 



We shall now obtain an explicit estimate for I in order to finally obtain (3.5). 



Estimating l k . We want to obtain estimates (3.20), and to this end we choose a decreasing sequence of 
radii < i?oo < . . . < R k < R k -i < ■ ■ ■ < Ro such that 



(Rk-l — Rk) 2 — (Ro — Roci) 



r 2 
2 c 



< +00 



so that 



We now estimate h 



y](-fifc-i - Rk) — Ro - Ro 



fc=l 



\B Rk _A 



{R k -i-R k YS BRki 



t (p-i)+ dx 



A p /3g + d/3 fc (i2 fc _! - R k f 
l/3 fc -l| 



< 



< 



< 



< 



SlP\ \B Rk ^\ 

\p k - l|(i?fc_i - R k ) 2 J BRk i u(f" 1 )+ dx 



d , (i? fc _i-i? fc ) 2 |/3 fc -l| 



Rl 



P, 



(») ^ 



4\/3 k - l\(Ro -Roo) 2 J Bn u(r-V+dx 



Cl S 2 Pl \B Ro \ 



A . d . (Ro - Roo) 2 
Ap + W + RL max 



3o-l| 1 



PI '4 



(c) 



(d) 



^(^0-^)2/^^-1)+ dx 

2 C1 5|[A)-(P-1)+^] |B. 



A p + - + ^— max 



](i? --Roc) 2 J Br uCp-D+dz 



l/?o - 1| 1 
2 



2(d-2) Cl 5 2 2 |^ | 



/d- Vd-2) (R q -R 00 ) 2 J Br tt(p-i)+da: 
in (a) we have used that 



. . d (i?o - -Roo) 

Ap + Wo + Rl, max 



a . d (i?o - -Roo) 2 
Ap + A + Rio max 



riA-ii ir 




2*- 


l PI '4j. 




y 



IA)-i| 1 

/9 2 '4 





'2*" 




y 



2» 



(3.21) 



1^-11 



< max 



Lgo - ij 1 

PI '4 



In (6) we have also used the inequality 



(3.22) 



P k 



\Pk - 1| 



< ci 



/3o-l 



max 



if Po > 1 



=0,1 iPfco+i 



jj if < /3q < 1 with fco = fco = i-P- 



<3o-(p-l) + - 



log 3-3 
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which we state in the general case p =/= 1 for later use and we now prove. First notice that the numerical 
inequality 



s i a 

< max ■ 



II 



6-1 



for all < a < 1 < b < +oo and all s E [0, a] U [b, oo) 



holds true. When /3q > 1 (3.221 follows applying such numerical inequality to s = fik and noticing 
that Pk > Po — b > 1 and that the function x/\x — 1| is decreasing when x > 1. Suppose instead that 
< (3o < 1. Notice that, since we are also requiring that fio > (p — l)+(d — 2)/2, this is possible only 
when < p < p c — d/(d — 2) < p s . We define ko to be the greatest integer for which fi k < 1, so that 
(3 ko+1 > 1, so that 



and we shall take /3q G (0, 1) such that 
(3.23) 



with 



k = i.p. 



log 



i-( P -i) + ^g 

/3 -(p-l)+^ 



log 



l-(p-l)+^ 



log 3^2 



is not an integer. 



The elementary properties of the function x/\x — 1| then show that, for all k: 

ko+i 



, Pk +i 

< max ■— -r = max 

\/3 k - 1| i=o,i |/? fco+l - 1| i=o,i 



(3^2) ° [A)-(p-i)+^]+(p-i)+^ 



(3^2) [A>-(p-i)+^]+(p-i)+* 



-2 
2 



max 
i=0,l 





.) 


fe — 1+j 


r d(p-i)+" 
y 2 


+ (p-i)+^ 


(3=5) 


fe0-l+2 


r d( P -i)+" 
y 2 


+ (p-i) + ^a-i 



as claimed, where we have put /3q = ^q = ^-^q and q has to be chosen such that (3.231 holds 
In (c) we have used that (3 k = /3 (2* /2) k > /3 



(3.24) /?„ = 



"2*~ 


n ■ 


y 





Po - (p - 1)+ 



d-2 



+ ( P -l) + ^<2 



"2*~ 


n - 


Y 





A,-(p-i) + 



d-2 



Finally in (d) we estimate 1/cq as follows 
\ 2 

E 



1 



1 



since the explicit expression of shows that 



and 



Pk> h8b-(p-i)+ 



E 

fc=i 



fc=i 



d-2 
2 

fc/2 



d- 2 



(A,-(p-i)+^) (Td-y^) 1 



Vd- 2 
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We conclude that we can take Iq(p) as follows for any p > 
(3.25) 

I (P) = 



2(<f — 2) 



ciSl 



\D 



Ra\ 



d - Vd^2f (Ro - i?oo) 2 f BRao u(p~V + dx 



. , d , (i?o-i?co) 2 riA-ii i 

A„ + — H = max ' 



& '4 



and ci given by (3.22) and we recall that A p = 2 if p ^ 1 and A p = A/4 if p = 1. The proof is concluded 
once we let (3 = 2g/2* as in the previous step. □ 



3.2 Local upper bounds II. The linear case with unbounded coefficients 

The local upper bounds for nonnegative subsolutions to 

—Am = b(x) u 

with b E L t (Br) eventually unbounded, follow from the local Sobolev imbedding theorem on balls 
Br C R d 



(3.26) 



Il 2 *(Ba) - 5 2 (\\Vf\\h(B R ) + ^2 II/IIl 2 (B„)^) 



where 52 = iS>2(-E>i) is the best constant and 2* = 2d/(d — 2). In the case / € W ' (Br), we have 
(3-27) II/IIl-^^^HV/II^^)- 

We are requiring hereafter without any further comment that d > 3. We adopt the notation = 
\\f\\ q , R and \B R \ =u d R d . 

3.2.1 Energy Estimates and Reverse Poincare inequalities 

Lemma 3.2 Let v G L? (Br) and b 6 Jj t (Br) for some r > d/2. Then for any S > the following 
inequality holds 



(3.28) / b(x)v 2 (x)dx < 5 

J Br 

where 



v 2 dx 



r,d ■ rd 



(3.29) K 
Proof. Let us estimate for any < e < 2 



(1) _ 2r - d 



bv {2 - e)+e dx < 



(a) 



v^^dx 



B n 

2-e 



K rd 
d + Hd-2) \ B R\^ 

S 2 — d 



rd 

d + r(d-2) 



b 2 v e i dx 



b r (x) dx 



v 2 (x) dx 



<(6) \Br\* 



'j 2 dx 



< 



5o(2 - e) 



v 2 dx 



b 2 v £ 2 dx 



2^n 



6 2 u e 2 dx 



<(d) <5q 



<(e) 5 



d + r(d- 2) 
rd 

/ u 2 dx 



dx 



2(2r-rf) ■ ^ 
2rd<5 n 2r - d 





2t— d /■ 


/" 6 r dx 




Ah 


J B 



v dx 



■'o 



1 2r - d 



J 2r-d 



rd 



d + r(d- 2) 



|£ R |3- 





2r-d r 


/ 6 r dx 




J Br 


J B 



v dx 
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where in the step (a) we have used Holder inequality with the conjugate exponents s = 2*/2 = d/(d—2) 
and s' — s/(s — 1) = d/2. In (b) we have used the inequality 



< LBr|s» 



v 2 dx 



In (c) we have applied the Young inequality, valid for every a > 1, So > 0, a, b > 0: 

<5 CT cr - 1 

ao < — a 



with cr = 2/(2 — e), so that o"/(cr — 1) = 2/e. In (d) we have used the estimate 





de 




2r de 




/ b 2 u e 2 


< 


/ & r da; 

















^2 2r-d fa 



Ir-d 4 
2r de 



6 r da; 



t> 2 da; 



where in the first step we have used Holder inequality with the conjugate exponents s = 2r/d and 
s' = s/(s — 1) = 2r/(2r — d) (notice that we are assuming r > d/2, hence s > 1), while in the second 
step we have chosen < e = 2(2r — d)/(rd) < 2. In (e) we have put 



S = 5 



d + r(d-2) 
rd 



notice that 6 > is in fact arbitrary since for every fixed r we can choose appropriately Sq to get any 
given value of 8 by the above definition of S. □ 



Theorem 3.3 (Reverse Poincare inequality for subsolutions) Consider a weak subsolution u to 
—Ait = b(x)u on Br with b G If (Br) with r > d/2. Suppose that u € L a+1 (Bn). Then for any 
positive test function ip € C 2 (Br) with |Vy| = on 8Br we have that for any R > and a > 0: 



(3.30) 

with 



[ IVu^lVdx <K^[b] [ u a+1 dx 

J Br J Br 



K {2) [b] = K {2 \b,R,a,ip,r,d) 
(3.31) a+ i 



2[d + r-(d-2)] / I 1 \2 \ 2r-d 

2\\<p\\ 00 \\A<p\\ 00 + \\V<p\\l +S 3 2 ^ d {^ a L ) K r>d \\<p\\ 2 jB R \^\\b\\? 



Remark. The requirement u G L 1+0 (Br) will be dispensed with later, without further comment by 
using a Moser iteration technique. 

Proof. It will divided into several steps. 



• Step 1. Energy estimates. Proceeding as in (2.3 1, one shows that subsolutions to —Am < b(x)u, 
satisfy, even for any a ^= — 1: 



(3.32) 



4a 



(Q' + l) 2 JBr 



I c + l .2 2 

vw 2 \ ip dx < 



— [ u a+1 A^ 2 dx+ f bu a+1 V 2 dx. 

+ 1 J B R JB R 



• Step 2. Sobolev inequality in W n ' (Br). We apply inequality (3.28) of Lemma 

t-1.2 



W L ' (B R ) so that for any 5 > 0: 
(3.33) 



3.2 



to v = v/- a+X) / 2 ip. G 



bu a+1 tp 2 dx<5 



2* 



da; 



K r,d | „ ,2 





d 


[ b r dx 


2r d [ u a+1 <p 2 dx 


-J Br 


Jb r 
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where K r> d is given in (3.29|. We notice that v = u^ a+1 ^ 2 (p e Wq ,2 (Br), so that the Sobolev inequality 
(13. 271) reads 



u 2 f) dx 



< S 2 / \Vu^tp\"dx 



si 



V^|V +1 da; + - 



| Vu 2 | </? da; - 
f |Vu^|V 2 da;- A <p(Acp)u a+1 dx 

J Brt •> Brt 



Vip 2 ■ Vu a+1 dx 



B n 



since Atp = 2ipAip + 2|V</?| . We combine the above Sobolev inequality with (3.33) to get 



(3.34) 



bu a+1 <p 2 dx < 5Sl 



I |Vu^|V 2 dx- I tp(Atp)u a+1 dx 

J Brt J Bn 

u a+1 ip 2 da; 



K r,d | R 

d+r(d-2) 

g iT-d 



b r dx 



B n 



B L 

d 

2r—d 



Bn 



where K r ^ is given in (3.29). 



• Step 3. Putting the pieces together, i.e. combining inequalities (|3.34| and (|3.32|) we obtain 
4a 

'B R 

< 



Vu 2 \ ip dx < 



1 

a + 1 
1 



u a+1 A<p 2 dx+ I bu a+L tp A dx 



Bn 



B n 



a + 1 Jb r 



u a+L Aip 2 dx 



5S 2 


Jb r 


K r ,d 


_ i+r 


(d-2) 


<) 2r-d 



\Bi 



b r dx 



Bn 



Br 

d 

2r-d 



u a+1 ip 2 dx 



Bn 



which thus implies 

4a SS 2 



< 



(a + l) 2 
1 



Vu 2 \ <p dx 



a + l 



Bn 



! B R 

u a+1 A<p 2 dx - SSi I (p(Aip)u a+1 dx + 



Bn 



d+r(d-2) \"R\ 
$ 2r-d 



-\B f 



b r dx 



Bn 



d 

2r-d 



U a+1 cp 2 dx 



Bn 



< 



a + l 



a + l 



\\Vp\\l + "^:™ \B R \r { I //«!,- 



u a+1 dx 



Letting SS 2 = gives the following reverse Poincare inequality: 



b r 



\Vu^ | V dx<A I u a+1 dx 

'B r 
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with the constant that we can estimate as follows 



A 



(a + 1) 



2 r 



2a 



2(2a + l) 
(a + 1) 2 



IMUI|Ap|| 



a + 1 



\\V<P\ 



2 

oo 



5. 



2[d +^ d d ~ 2)1 2a /(a + 1) 



(a + 1) 2 V 2a 



2 \ SF^d 



< 



< 



a + 1 



1 i rct 

(a + l) 1+5 ^ 



a 



2|MU|Ap|U + ||V^||^+5 2 

2||^|| o||A ¥ .|| 00 + ||V^+5. 



2 ' d +;<_ d - 2 >' /(a + l) 2 ^ J " ' 
V 2a^ 

2[d+r(d-2)] /q, _|_ ]\ 2 



2 C Si " '' 



2a 



K r!d y\\l\B R \^\\b\\r- 
K r>d y\\ 2 jB R \£\\b\\? 



=:K^[b}. □ 



In fact, the last bound in the above formula for i"T( 2 )[6] could be avoided, but will make the following 
calculations somewhat easier. 

Lemma 3.4 (Numerical Iteration) Let Y n > be a sequence of numbers such that 

(3.35) y„</^7 1 y„_ 1 with u^JoC"- 1 

for some a,Io,C > 0, 9 € (0, 1). Then {Y n } is a bounded sequence and one has 

(3.36) Foo := limsu P r„ < if* CT^W Y . 

n— >-\-oo 



Proof. We iterate inequality (3.35) to get 



-i _ _ 



3=0 



= i: J2 ^ <p c°^> e3 Y 



We thus get, as n -> +00, < J ^ =0 C CT £ 3= oJ0 y = / C 1 ^ 1 Y Q . Q 
Now we are ready to perform the Moser iteration, by combining a local Sobolev inequality with the 



reverse Poincare inequality of Theorem 3.3 and then using the above numerical Lemma. 



Theorem 3.5 (Moser Iteration) Let u > be a weak subsolution to —Am — bu on B R with b G 
L r (B R ) with r > d/2, and let q > 1, < R < R. 



(3.37) 

with constant 



Kf)[b] = 



(3.38) 



qd d 



d\ 2(2r— d)q 



H|oc,^<- ? - Li -T||«|| g ,R„ 



, g(d + 2) (S^y-" 2r - d 

g-1 V 2 / rd \{q - l)[d + r{d - 2)] 



qrd 



x(i? -^oo) 2 |^„|^||&||^(B 



R ) 



Roo 
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Notice that in the case of bounded coefficients b(x) <E L°°(B^ ) we can pass to the limit as r — > oo in 
the above expression of K\ °> [b] to get 



(3.39) 



qd d 



iq 



qd 



q(d + 2) (Sly 2 
9-1 \2j d\(q-l)(d-2) 



i+4 



L°°(Bflo) 



Roo 



Proof. The proof is divided in several steps. 

• Step 1. Sobolev and Reverse Poincare inequalities. We start choosing radii ri,r*o with < r± < 
ro < Rq and use the test function of Lemma 2.2 on the balls B ril B ro . We use the Reverse Poincare 
inequality (3.301 on the ball B ro and the fact that <p = 1 on B ri to get 



[ \S7u^\ 2 dx<f |Vu^|V 2 da; < K {2) [b] f u a+1 dx 
so that the local Sobolev inequality in W 1 ' 2 (B ri ) applied to / = v^i 1 for any a > yields 



(3.40) 



< a+1 Ux\ <S 2 



i„ a+i i2 . 1 
Vu 2 dx + t 



u a+1 dx 



1 JB 



where the constant if^ 2 )[6] is given by (3.30), and we can estimate it as follows: 



K<®[b] 



(a + 1) 



1+7 



2||V|| 00,7*0 

||A^|U, ro + ||V^|| 2 



+s; 



2ld+ 2 r r { «- 2)] fa + l\ 2 '-" 2r~d 



2a 



rd 



rd \d + r(d-2) 



rv 4- 1 Td 
<(-)— " + 1 ^ 



8(d + 2) 2M+rfcai /a + iy— d 2r - d 



2 t5 2 



2a 



rd 



i+; 



< 



d + r(d- 2) 

(a+ l) 3 ^ 3 
(r - ri) 2 

(a + l)rd 
a[d + r(d- 2)] 



8(d + 2) 



a + 1 S 2 2r '- d " 2r — d 



2[d + r-(d-2)] 



rd 



l+s 



(ifc-iW^MI&IIS 



2r-d 

L r (B Ho ) 



where in (a) we have used the fact that the test function of Lemma 2.2 satisfies ||<^||oo,r = 1 || Vy||oo,r < 
4/(r — ri) and ||Ay>|| ,»,,.„ < 4d/(r — ri) 2 , and in (6) the fact that < i?oo < r\ < r < R . Finally 
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we get: 



Si [KW[b] 



< S, 2 



(a + 1) 2r ~ 
(r - rif 



2[d + r(d-2)] 



8(rf+2) 



a + 1 5 2 2r - d 2r - d 



23F=d 



rd 



(3.41) 



< So 2 



(a + l)rd 
a[d + r(d- 2)] 

(r Q - r x ) 2 



^ , 1 (r -ri) 5 



(i?o-i?oo) l-Bflol 2 * II & IIl-(b Ro ) + 12 



(a + l) 2 ''- d 



2[d + r(d-2)] 



8(d + 2) 



a + 1 5 2 2r ~ d 2r - d 



rd 



(a + l)rd \ 1+ ^-d 2 
a[d + r(d-2)]J (^o-i?oo) |S flo |^||6|| Lr(BRo) + 



Roo 



we have also used the fact that a > 0. 

• Step 2. TVie Moser iteration. We now fix /3q = a + 1 > 1, and we define the sequence 



Pn — -^fln-l — 



Bo 



Next we pick a sequence of radii R^ = < . . . < r n < r n _i < ... < tq = i?o, such that 



(r n _i - r n ) = c (i? - -Roo) 



with 



(3.42) A) = hr 



2 \ 2(2r-d)' 



2* \ 2(2i — d) 

~2 



-l>ly-l 



2 \ 2(3r-d) 



d-2 



where the inequality in the above formula is easily shown to hold when d > 3 and r > d/2 as assumed, 
so that 



^(r fc _i - r-fc) = Rq - R a 



k=l 



the above series being convergent. With these choices, inequality (3.40) in which a + 1 is replaced by 
/3 n -i, this being allowable since /3 n > 1 for all n, and ri,ro replaced by r n ,r„_i reads, noticing in 
addition that /?„/(/?„ - 1) < P /(Po - 1) for all n, 



y dx j 2 < 5 2 ^(2) + ^ y lA" 1 dz 



< 



8(d + 2) 



2[d+r-(d-2)] 

/3 «S 2 ^ 2r-d 



/3 rd 



2^ ^ V(A-l)[d + r(d-2)] 

2 



1+1 



Rq — Roo 

Roo 



z/— 1 dx := /„_! / W 3 — 1 dx 



(r n -i - r r , 
xiRo-R^B^WbW^^ 

Letting Y n := \\u\\p ni R n , we have obtained 
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where we have set a = 1/Po and 8 = 2/2* £ (0, 1). We shall prove that /„ < IoC n . Indeed: 
(3.43) 



In-l 



02 2r-d 

°2Pn-l 

(i'n-i -r n )* 



8(d+2) 



2[d + r(d-2)] 

Po S 2 ~* 2r-d 



A-l 2^ rd \(p -l)[d + r(d-2)} 



Pord 



ij Td 

L ^ 2r-d 



< 



AT 3 



Ra — Roc 

Roo 



8(d + 2) 



2[d + r(d-2)] 

Po S 2 ~ d 2r-d 



< 



C 2( J R -i? co )2 
(Rq - i?oo) 2 |S flo |^||6||^(3 Ro) 

d-2\^~ d /3 5 



P rd 



2 

2r-d 



Po-l 2^ rd \(j3 -l)[d + r(d-2) 

2[d + r(d-2)] 



Ra — Roo 

Roc, 



2rd r 
2* \ 2r-d 



(Rq — Rao) 2 



%rd 



{ 'Po-l 2^ UA)-l)[d + r(d-2)] 



^— (i? -i?oo) l-B-Rol 5 *!! 6 !!^^) 



Roc, 



2rd 
2*\ 2r-d' 



■■= i c r 



where in the last inequality we estimated Cq as in (3.42 1. Finally we use Lemma 3.4 with the above 
choices of a and thus proving that 



- ■ ■ ■ — g — — 2) , y 

1^ < Jq 1 - 6 r which is IMU..R. < I C^r \\u\\^ Ro = K&[b] \\u\\p , Ro 



which is exactly (3.371 with 



,' A 9\ 2(2r-d)P n o2(2r-d)/3 a 



(Ro-Roo)* 



8(d + 2) 



Po , S 2 



2[d+r(d-2)] 



Pord 



Po-1 2^ \(P -l)[d + r(d-2)} 



< 



d\ 2(2,-d)<3„ ^2(3r-d)0 Q 



v 2 

2r-d 
rd 



(Ro-R^eo 
(Ro-Roc) 2 \B Ro \^\\b\\l: 



8(d + 2) 



R„ 



Po , 5; 



^ \ (2r-d)/3 / d \ 2/3 (2r— d) 



d- 2 



d-2 



A)-l 2^ V(A)-l)[d + r(d-2)] 

d 

2 



1+? 



27=3 , i Rq - R 
h r (B Ro ) 



as in (3.381. The proof is concluded once we let /3q = q > !• □ 



3.2.2 Extending local upper bounds. A lemma by E. De Giorgi 

In this section extend the local upper bound of the previous section. More precisely we show that a 
bound of the type 

HU,r < Zd- \W\\q,R 

(R-r)« 

which is valid for any q > 1 and any a < r < R < b indeed implies that 

|M|oo,a < X IMU.6 

(b — a) q o 
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for all go > and and any a < r < R < b maybe with a different constant A. The proof relies on the 
following lemma, originally due to E. De Giorgi, whose proof is contained in several books and papers, 
see for example [20], Lemma 6.1. 

Lemma 3.6 (De Giorgi) Let Z(t) be a bounded non-negative function in the interval [to,ii]. Assume 
that for to < t < s < ti we have 



(3.44) Z(t)<9Z{s) + 
with A > 0, a > and < 6 < 1. Then 

(3.45) Z(t ) < 
where 



A 



(s - 1)° 
Ac(a, A, 9) 



(*i - to) a 

c(a,\,6) = -jYZ - X) /orany A6^«,l) 



Proof. Consider the sequence {s^ defined by 

*o = «0) = Si + (1 - A)A l (*i - to) 

so that s k = to + (1 — A)(ti — io)5Zi=o ^* ano - m particular f *i as & 
induction we get 

fc-i 



-co. From (3.44), by 



z(t ) < e k z( Sk ) + 



(l-A)"(ti-t ) 



-V 

a Z ^ 



i=0 



A" 



Since 9/X a < 1 by assumption, the series on the right-hand side converges and therefore taking the 
limit as k — > oo and using the boundedness of Z we get (3.45 1 . □ 

The above Lemma has important consequences, indeed it allows to prove that if a reverse Holder 
inequality holds for some < q < q, then it holds for any < qo < q. 

Lemma 3.7 (Extending Local Upper Bounds) Assume that the following bounds holds true: 

K 



(3.46) 



< 



""in.'' - (R- r )f 

for some < q <q , 7 > and for any R^ < r < R < Rq. Then we have that for all < qo < q <q 



(3.47) 



g(g-gp) 

< 3 • 2«° (5 -2> 



4", 



9(9 - qo) 



K 



q {q-q)J {R - i?co) 7 

Proof. Define, for t < Ro, the bounded nonnegative function 

z (t) = \\ u \\vr(B t ) = \\u\\q,t 



g(g-gp) 
go (g-g) 



\qo,Ro 



then (3.46) reads, for s > t 
(3.48) 



Z(t) = \\u\\- q , t 



< 



K 



(s-t) 



7 



Iq.s 



< 



K 



(s-t) 



1 



\ u \\\o° \\ u %,s- 



where in the last step we have used that for all < qo < q < q < +00 

g (g-g) g(g-go) ^ q _ qQ 



with a = ^= — ^ e [0, 1) 

q(q - <7o) 
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Inequality (3.48) gives then 



(3.49) 



z(t) = \\u\k, t < — -— \\u\\\-°z{ s y < \z{s) + 

V s ~ t ) 1 (s — t) - 

1 (2 a K) T ^ 
1 (s-t)i-- 



where we have used Young's inequality valid for any v > 1, a, b > 0, e > 0: 



£ „ v-l v 6 — 1 

ao < —a H j— < ea H j— 



with the choices 



|1-(T 



1 K 

£ = 1/2 a = Z(s) cr , i/= — >1 and b = - ^IIUIL B . 



Inequality (3.491 is of the form appearing in Lemma 3.6 with a = 7/(1 — a) > 

- (2 ff i^) 



1/2 and 



A={2°K)i-° \\u\\ goiRo . Thus we get 



, c(a,X,9) (2 a K) T ^ „ 



(i?0 — Roo) 1 



g(q-qo) 
= 3 • 2'0 (? ~2) 



4") 



47 

l-o- 
K 



q{q - go) 

qo(q~q)J (i?o - i?oo) 7 



(i?0 — -Roo) 



90 19~9J 



noticing that 



q(q-qo) 



and 



7 g(9 - <7o) 

7" 



l-cr go(g-g)' ' l-<7 'go(g-g) 

which is the desired bound, once we notice that whenever 6* < A" < 1, 



c(a, A, 8) = 



1 


2(1 + 


) 




12 


(l-A)-(l-&) " 


2= -(1 + 0)*" 


a 


) 





< 12- 



4 Q a° 



3(4a) c 



since we can choose 1/2 = 6 < \ a = (1 + 0)/2 < 1, and since a = 7/(1 — cr) > 1 

4 



> 



4 Q a Q 



since we know that o}l a — b x l a > a 1 ^ a (a — b)/(aa), for all a > 6 > and a > 1. □ 
The above lemma can be used to extend the local upper bounds (3.50) of Theorem 3.5 



Theorem 3.8 (Local Upper bounds, unbounded coefficient) Consider a weak subsolution u to 
—Ait — bu on Br with b G L T (-Br) with r > d/2 Let < < Rq < R. Then for any qg > , the 
following bound holds true 



(3.50) 
with 

(3.51) 



A, 



(i) 

90 



{R-Rc 



A?J+^\\b\\lkB 



Rq) 



d 
2 'JO 



\M\q a ,R 



:\.2^T ( jL )*° ( ''• 2 ,! ),/ "' 



«/ 9o > 1 , 
«/0<<7o<l 
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(3.52) 



4(2) 



( R — Rgo \ ' 
\ Roo J 



90- 
, (g +l)(d+2 
90 



*/ go > i , 
i/0<g <l, 



(3.53) : = 



S 2 \ 2l -- d 2r-rf / 9orrf 

2 y rd ^(g -l)[d+r(d-2)] 

/ f|\ 2r -d ( {qo + l)rd ' ' 

V 2 y rd ^ go [d+r(d-2)] 



(i? — Roo) 2 \Br\ 

(.R-R 0O ) 3 \Bn\& , 



if 3o > 1 , 
«/0<<zo < 1 



Proof. The upper bounds (3.50) of Theorem 3.5 can be rewritten as 
(3.54) |M 



< A l|u|U 



(iJ-r)« 



I'll J L J 1 

for any q > 1 and i?,^ < r < R < R q, w here Kq [b] is given by (3.38). It is clear that inequality (3.54) 

I (31 

guarantees that we can use Lemma 3.7 with < q = q < +00 = q,j = d/q>l,K = Kq [b] and for 



any Roo < r < R < Rq. Then we have that for all < <?o < q = q 



1-90 

MU.Ro. < 3 2 ,0 



dq\« Kf ] {b] 



2d + l 

H\q ,Ro = 3 ' 2 90 



9o 



(Ro-Rco)™ 



\ u \\q ,Ro 



since we can always choose q = qo + 1 > 1. Finally we notice that we can rewrite the upper bound for 
all go > in the following form: 



< 



.4 



(i) 



(i? — Roo) • 



^+A q f\\b\\li-« 



M\qo,R 



where A q ^ are as in (3.51), (3.52) and (3.53) respectively, fj 
The above Theorem has the following important consequence, when applied to the equation — Au = \u p . 



Theorem 3.9 (Local Upper bounds, second form) Consider a weak subsolution u to —Au = Xu p 
on B R , with A > 0, 1 <p <p s = 2* -1 = (d+2)/(d-2). Let < R^ < R Q < R. If u € L r (B Ro ) with 
r > d(p — l)/2 := q then the following bound holds true for any qa > 



(3.55) 



< 



A 



(i) 

9o 



(Rq — Roo) ' 



A^+A q fx^^\\u\\ 



2r-d(p-l) 



2'JO 



where A q ^ are as in (3.51), (3.52) and (3.53) respectively 



Proof. Since u is a subsolution to — Au = Xu p — bu with b — \u p , we need to assume that u p 1 € L' r 
with r > d/2, which amounts to require u € L r with f = r(p — 1) > d(p — l)/2, so that 



I 2-r-d ^ 



\\r,R 



Finally, we can apply the bounds of Theorem 3.8 to get the bounds (3.55) with the constants written 
above. □ 
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4 Lower bounds 



The lower bounds can be obtained in two steps: first we perform a Moser iteration, then we need reverse 
Holder inequalities, which are a consequence of the celebrated John-Nirenberg Lemma. 

4.1 A short reminder about the spaces M p (f2). 

We recall here some basic definitions and properties of suitable functional spaces, that will be used in 
the sequel. We omit the proofs, but we give appropriate references. 

We say that a measurable function on fi C M. d belong to the space M p (f2) if and only if there exists a 
constant K > such that 

/ |/| dz < KR^ 11 for all B R (x ), 

and we define the norm on M p (f2) as follows 

ll/lkno) = inf \ K > : f \f\dx < KR^ 1 for all B R (x ) \ . 

{ JnnB R (x Q ) J 

One can easily check the strict inclusion L p (f2) C M P (VL) for all 1 < p < oo, and when is bounded, 
the equalities L 1 (J7) = M 1 (J7) and L°°(0) = M°°(f2). Moreover it is easy to check that when £1 is 
bounded one has: 

(4-1) ||/|| L1( o) <diam(17) — ll/H 

We now proceed with a series of results that relate the Marcinckievitz norm with the Riesz potential 
(4-2) V„ [/](*) := f 1 v dy with » e (0, 1]. 



la \x - y]^ 1 -^ 

We collect hereafter some well known results, whose proof can be found for instance in [!"§] . 

Lemma 4.1 Let be defined as above. Then the following holds. 

(i) The operator maps continuously L s (i7) into L r (f2) for any 1 < r < oo satisfying 

1 1 

< < u. 

s r 

Moreover, for any f € L p (f2), 

HV„/llr < ^ ^M^^\\f\\ s . 



(ii) Let f € M"(0), withp> 1/fj, > 1. Then 

K{f](x)\ < ^-diam(f7)F(^-i)|| / || M 
Pfx — 1 

(m) A "potential" version of the Morrey inequality. Let f2 fee a convex bounded subset ofM. d . Then for 
all f £ W 1,1 (r2) the following inequality holds 

(4-3) |/(*) - /d < di fj^ |Vj[|V/|](*) 

/or any measurable Q' C 17 wii/i 

Proof. Part (i) is exactly Lemma 7.12 of [19], part (ii) is exactly Lemma 7.18 of [19] and part (iii) is 
exactly Lemma 7.16 of [19 . □ 
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4.2 The John-Nirenberg Lemma and reverse Holder inequalities. 



The Caccioppoli estimates proved in Corollary |2.3| show that the gradi ent of the logarithm of the 
solution belongs to the Marcinckievitz space M d {£l), see Proposition 4.5 below. Such M d — regularity 



then guarantees the validity of the celebrated John-Nirenberg lemma which as a consequence give a 
reverse Holder inequality of the form 



\\ u \\-qM ~ 1 



for some < q < 1 and some constant «i< 



We need a lemma concerning estimates on the Riesz potential V M defined in (4.2). It is a quantified 
version of Lemma 7.20 of [19) . 

Lemma 4.2 (A "potential" version of the Moser-Trudinger imbedding.) Let f £ M p (il) with 
p > 1 and suppose ||/||mp(0) < K. Then there exist two constants n 2 and n 3 such that 



(4.4) 

One can take 



exp 



Vi [/](*) 



k 2 K 



K 2 > (jP ~ l) e an d K>3 = 

Proof. Let q > 1, fi= 1/p and g — V M [/]. Then 



dx < K3. 



diam(fi) d pew^ 

K 2 -(p-l)e' 



and by Holder inequality we obtain 



(4.5) 



|V M [/]| < Vh[/] * V^[f] 



Applying now estimates (i) of Lemma 4.1 with s = r = 1, to Vi± [/], we obtain, 
(4.6) 



||V t /|| x < <pqu d -|^diam(ft)^||/|| M », (n) 



< pgcj^diam^)^ 1 p + P9 )||/||Mp(n) < p<7 Wddiam(f2)' 



where we have used ine quali ty (4.1) together with the fact that |fi| < £Jddiam(f2) . Next we apply 
estimates (ii) of Lemma 4.1 to V^+ulf] (the operator V v is well-defined on L 1 , if ft is bounded, for 

P- 1 ^ — ^iWp+f)-!), 



!/ > 1 as well) and we obtain 
(4.7) V M+f [/](z 



< 



-diam(Q)» 



|/||iWp(n) < q(p- I) diam(fl) pi K 



for all x € fl, hence the same bound is valid for the L°°(rj)-norm, provided p(/i +/j,/q) > 1 which indeed 



holds true since fi = 1/p. Joining now inequalities (4.5), (4.6) and (4.7), we obtain 



||v M [/]||| < ||v M+t [/]||^ oo 1 ||v t [/](^ 



< 



L!(f2) p—1 



[(p- I) K q] q di&m(n) d 
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Letting now 1 < q = k € N we get, for k 2 as in the statement, 



[(p- l)Kk] 



pud ,. 



< 



< 



k=l 

OO r 



P-I 



K 2 



k=l 



(p-l)e 



K 2 



^Trfc 



pcjd diam(f2) d (p — l)e diam(f2) d peoJd 



p - 1 y/2% «2 - (p - 1) e V27r «2 - (p - 1) e 
we have used Stirling's formula: 



(4.8) 



with 



1 1 
12n + 1 ~ 12n u 



We prove hereafter a simplified but quantitative version of the celebrated John-Nirenberg Lemma, 
which holds in convex domains. Indeed we will use it only on balls and in such case the constants 
simplify a bit. 

Lemma 4.3 (John-Nirenberg) Let f € W 1,1 ^) where fl is convex, and suppose there exists a con- 
stant K such that 

|V/| dx < KR 4 - 1 for all balls B R 



<B R nn 

Then the following inequality holds true 
(4.9) 

where for any k 2 > (d — 1) c 

d\n\ 

K ° diam(O)^ 2 Kl " 



exp 



l/-/n| 
k K 



dx < Ki 



uJd diam(ri) d (K 2 + c) 
K2 — (d— l)e 



and f Q = f 



dx 

W\' 



Proof. The proof relies on the previous Lemma 4.2 in the special case p = d. Indeed inequality (4.4) in 
that case takes the form 



(4.10) 
where 



exp 



Vi[|V/|](aO 



k 2 K 



dx < 



diam(f2) d deuid 
y/2TT K 2 -(d-l)e 



\n\ < K3 



K 2 > (d — 1) e and K3 = UJd diam(f2) d 



de 



K 2 - (d - 1) e 



UJd diam(f2) d (K 2 + e) 
k 2 - (d - l)e 



We combine this latter inequality with inequality (4.3) (which requires convexity of the domain) with 
Q' = Cl and |V/| € M d {Vt). Q 

The John-Nirenberg Lemma has an important consequence when applied to f — log(w + 5): 

Proposition 4.4 (Reverse Holder inequalities) Let 6 > and u be a positive measurable function 
such that log(u + 6) G W 1 ' 1 ^), where Q is convex, and suppose there exists a constant K such that 



(4.11) 



/ 

J B R nn 



|Vlog(u + <5)|dx <KR 



d-l 



for all balls Br. 



2G 



Then the following inequality 

Wu + SWgS-j 2 /q 



(4.12) 



where the constants Ki are given in LemmaU 



holds true for any < q < 



Proof. Let S > 0. The validity of (4.11) for u entails the validity of the same inequality for u + 5. 
Notice now that 



\u + 5\\ Q n 



\\U + S\\- q> Q 

Then, letting / = log(u + 5): 



< K 



(u + 5) q dx / (u + S)- q dx ) < k q 



(u + S) q dx\ (j{u + 5)- q dx \ = (j e ^ lo ^ u+5 ^ dx^j (j e [ - qlog( - u+S)] dx 



a qf di 



~ qf dx 



3 9(/-/n) 



-q(f-fn) dx 



< 



where we used (4.9) for / = log(u + S), and have assumed q < 1/(k K) in order to ensure its validity. 
The case 5 = is also true, just by taking the limit 6 0. □ 

We conclude this section by showing that reverse Holder inequalities holds for local supersolutions to 
our problem, as a consequence of Caccioppoli estimates. 

Proposition 4.5 (Reverse Holder inequalities for supersolutions) Let fl C M. d and let A > 0. 

Let u be a local weak supersolution to —Au = Xu p , with 1 < p < p s = 2* — 1 = (d + 2)/{d — 2). Then 
for any e > the following inequality holds true for any 5 > 



2 d (ed + e) 



2/q \\^^ 0< \\u + s\u Ro forM Q<q ^ 



d-3 

2^r 



\B 



Hoi 



\B 



dwj[e(d-l)+e] 



Proof. The Caccioppoli estimates ( 2.2 ) with Rq replaced by 2r and R replaced by r imply the hypothesis 
of the above Lemma, in fact: 



(4.13) 



/ |Vlog(tt + £)| da; < / |Vlog 

J B r C\B Ro J B r 



(u + 5) \dx 



|Vlog(u + <5)| da; 



d+3 i -, 

< 2^uj d r d ~ 1 := K>, 



A-l 



Therefore putting K = 2 2 uj di taking an e > and choosing K2 = e(d — 1) + e, we obtain that 



2^r 



,e + ed 



kqK duj d [e(d - 1) + e] 



and k x = 2 d Lo d R d — = \B Ro \2 a — . □ 



d e + cd 



4.3 Lower Moser iteration 

Now we are ready to run the Moser iteration to obtain quantitative local lower bounds in the form: 
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Theorem 4.6 (Local Lower Estimates) Let fl C M. d and let A > 0. Let u be a nonnegative local 
weak super 'solution in Br C Q to —Au = Xu p , with < p < p s = 2* — I = (d + 2)/(d — 2). Then for 
any e > and for any 



0<q< 



„ d-3 

2 — 



(L) 2 [e(d-l) + e] 



(4.14) 

£/ie following bound holds true 

(4-15) mf u(x) = Hull-oca, > J- 

(4.16) 



= go 



\ U \\q,R 



xeB E 



\B 



Ro - 



2 d S 2 2 



dRl 



R l 



(Ro - Roo) 2 R 2 X 



2 d (ed + e)y/uT d 



Remark. One can see that when the dimension d is sufficiently low one has go < 1 whereas qo > 1 in 
higher dimensions. Notice also that the equality inf u(x) — HuH-ocR^ holds since u is nonnegative. 



0,015- 



<Jn| (e(d- 1) + .1} 



10 11 12 



Le/t figure: Plot of q$(d) defined in (4.14), for 1 < d < 16, with e = 0.1 



Right figure: Zoom for the plot of the same qo(x) near its minimum that lies in (5 , 6). 

Proof. The proof is divided in two steps. We always consider a local supersolution u of — Au > Xu p . 
• Step 1. In this step we consider a < 0, and we want to prove L~ q — L~°° local estimates via Moser 



iteration. The the energy inequality (2.4) for a < —1 and S > gives the estimate 

a + 1 



(4.17) 



|v((u + <5)^) |V 



da; < 



\(a + iy 



4a 



u p (u + 6) a <pdx + 



4cv 



(u + 5) a+L Atpdx 



< I (u + S) a+1 \Atp\dx 

4q Jn 
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Applying now the Sobolev inequality (3.1) on the ball B Rl and the properties of the test function ip 
defined in Lemma 2.2 one gets 



(4.18) 



< Si 



< Si 



<S 2 



<sl 



< Si 



\V(u + 6)^\ dx + 



Rr 1 



R{ 



1 



(u + 6) a+1 dx 



\V{u + 8)— \ tpdx+ -2 / (u + 8) a+L dx 



n 

a + 1 



4a 
a + 1 



J Br.! 

(u + 5) a+1 \Aip\ dx + / (tt + <5) Q+1 dx 



4a l|A ^"°° + i?f 



A? 

(u + 5) a+1 dx 



3 «i 



B R[ . 



(Ro-Ri) 2 R 2 JJb r 



(it + S) a+L dx 



Let, for a given 7 < 0, 7„ 



7o 



so that 7„ = 4-7„_i. Notice that j n — > — oo monotonically. 



Consider the above inequality for a — a n and let a„ + 1 = 7„_i so that 



\ u + S \\~f n ,R n = \\ u + 8\\ 



(u + S)^ 1 — 1 dx 



(4.19) 



> 



> 



St 



si 



(/?„_! - R n y R? n 



1 



, (Rn-1 — Ri) 2 Rn 

Hence, iterating the above inequality: 



(u + S)^- 1 dx 

i 

\\ U + S \\f n -uR n -l : = \\U + <5|| 7 „-i,fl„-i 



(4.20) 



ll« + s\u n , Rn > i;- 1 ip? . . . i? \\u + s\\ M = n ik"- 1 h + s\\ 



70, Ro 



fc=l 



where have chosen < < . . . < R n +i < R n < ■ ■ ■ < Ro such that 



so that 



and 



^^(-Rfc-i — Rk) — Ro — Roo and Rk-i — Rk — 



k=l 



h — S 2 



<S 2 



(Rn-! - R n ) 2 R 2 J- '\{R -R°o) 2 R 2 a 



d 



Ro — Roo 

2* 



4 fe := I 4 k 



k=l 



Tfc— 1 

k =exp 



™ 1 



exp 



Lfc=i 
2* 
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7fe-i 



E 

fc=i 



exp 



2* 
270 



E 



> 



riio 5Zfc = i [2* ] 



2 

2* 

JL 

4 4 ~ , o . 



log Jo 



k=l 

2* log 4 
27o 



log h 



E* 

k=l 
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Taking limits we obtain 



114 

k=l 



1 2^d~2 2 d 



We can now take the limit in (4.201 to get for any 70 < 0: 



lu + ^l-ocii. > \[li k - l \\u + 5\\ 10 , Ro > (2 d / ) 2 ™ \\u + S\\ JO , Ro 



(4.21) 



k=l 



1 



2T0 



|U + <J|| 



70, -Ro ■ 



(Ro — Rao) 2 

Now we need some Reverse Holder inequalities, which is the subject of the next step. 

• Step 2. Reverse Holder inequalities. The John-Nirenberg lemma implies reverse Holder inequalities 



for super-solutions, in the form of Proposition 4.5 for any e > the following inequality holds true 



(4.22) 



2 d (ed + e) 



i \\u + S\\q lRo 
\BrJ 



< \\u + S\\- qtRo for all 0<q 



< 



2V 



dw3[e(d-l)+e] 



Joining inequality (4.211 and (4.22) and letting 70 = — q with q as in (4.22 1 we obtain 



ll« + ail-oca. > 



> 



(4.23) 



2 d S 2 



2 d S 2 



2 d Sl 



d 1 

(Ro - Roo) 2 + RL 
d 1 



(Ro - Roo) 2 R 2 X 



\\u + 8\\_ q , Ro 



2 d (ed + e) 



1 \\u + 8\\ q , Ro 



dRl 



Ro 



:= I_ 



{Ro - Roo) 2 RL 
\B R Jz 



2 d (ed + e)yjuu 



B Ro \~^ 

\B R J 



Finally we observe that we can let i->0 + , and obtain the desired result. □ 

4.4 Reverse Holder inequalities and additional local lower bounds when 

1 < p < p c 

In this section we will hrst prove more quantitative reverse Holder inequalities, when p > 1. We have 
obtained a reverse smoothing effect from L 9 to L~°°, for a suitable explicit q which may be close to 
zero, if we seek for a bound valid for any dimension. In order to be able to join local upper and lower 
estimates to get a clean form of Harnack inequality, we need to reach those values of q which are above 
d(p — l)/2, and this is possible only when 1 < p < p c = d/(d — 2). 

Proposition 4.7 (Reverse Holder inequalities for 1 < p < p c ) Let ft C M. d and let A > 0. Let u 

be a nonnegative local weak supersolution in Q to —Au = \u p , with 1 < p < p c = d/(d — 2). Let 
B-g C B Ro C Q. Then we have that 



(4.24) 



|Bs|w 



< h 



q,qa 



\ U \\qo,Ro 

B Ro \™ 



for any qo £ (0, q) and d(p — l)/2 < q < d/(d — 2) 
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where 
(4.25) 



(2*-2q) 



o2 (^o--R) 2 
On =: 



(d-2)g d 
3 • 2 2 "0 2 



2dqSi, 



2* 




2 

Q 


'Ro' 




R -R 




. R . 



(2*-2g) (R -R)i 



q go 2 



a <2o9 



if^q<q <q, 
, if < q Q < ^q. 



Proof. Consider the energy identity for supersolutions with — 1 < a < (we can take S = in such a 
range of a), which gives the following estimate for any positive test function ip € C 2 (f2) with V</? = 
on dft: 



(4.26) 



4|a| 



(a+1) 2 



i±i |2 



1 



|a + l| 



w Q+1 |Av3|da; 



that implies, using the test function ip of Lemma |2 . 2| with Roo < Ro 

d\a + l\ 



(4.27) 



■ a + l ,2 , 

V11 2 da; < 



|a| (Ro - i?oo) 2 J B 



u a+1 dx 



Applying now the Sobolev inequality (3.26) on the ball Br^ we arrive at 

d|a + l| 



dx 

Letting now 0<a + l = /3<lwe get 
(4.28) / /i^dir 



< S 2 



|orj (i2o - Rc 



1 



u a+1 dx 



R 





[ 5 2 " 


2 


< 








i?0 — Roo_ 





d|/9| , (Ro-Roc) 2 



(1-/3) 



i? 2 



/ dx 



Choosing f3 > (d — 2)(p — l)/2 is compatible with /3 < 1, if and only if p < d/(d — 2) = p c and this is 
the point where the well known Serrin's exponent p c enters. We now let d(p— l)/2 < q = 2* (i/2 < 2*/2 
and we see that (4.28) implies 
(4.29) 



q.r 



< 



2dqS% 2 



(R 



)2i % \\u\ 



(2* - 2q) 



2 r 2 



£rq,R 



(R-rY 



< 



2dqS% 2 

- On 



(2* - 2q) 



(Ro — Roo) 2 
R 2 



2q \\U\ 2 



q,R 



(R-r)T 



for any Roo < r < R < Ro- Let q — 2q/2* < q. We consider separately the case q < qo < q and the 
case < qo < q < q. In the first case we can use Holder inequality in (14. 291): 



m\q,T < 



< 



2dqS% 2 
(2* - 2q) + L 



(Ro — Roo) 2 
2 R? 



2dqSi 2 

On 



(Ro — Roo)' 



(2* - 2q) 



R 2 



25 \\ U \\^q,R 

(i?-r)T 



R-r 



Wr\ 
\Br\ 



M\q ,R 



which is (4.24) when q < qo < q, once we let R = Rq and r = R. On the other hand, when < qo < 
q < q , we can use inequality (4.29) rewritten as 

(4.30) \\u\\q, r < T. ''".I \ S: 



2dqS% 

(2* - 2q) 



(Ro — Roo) 2 



R 2 



25 \U\ 2 



Tj.R 



K 



[R-r)T (R-r) 



w\\ u \\^rq,R 
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so that Lemma 



3.7 



with 7 = 2*/q gives that for all < go < 1 < 1 (recall that q = 2q/2*) 

,(, — ,o) 



,(,-,o) 



\u\\q, Roo < 3-2™<5-2) 



K 



q{q - go) 
q (q-q)J (Ro - RooP 



\ U \\q ,R 



(d-2)Tj d 

3 • 2 2 ™ 2 



K 



2d rf-2 _ (g- go ) y 

(d-2)q d q q jq J (R ~ R^P 



g(g-gp) 



m\ qo ,R 



3 . 2 2,0 2 ^ ,0(9-1) 4rf 



Q0<7 -Ro — -Ro 



g(g~g ) 



(4.31) 



(d-2), d ,-,Q d-2 . u — uii uy j 

3-2^5 — ^ K — — 2- [m^-^-^ 1 — 
\ q q R - R 



B 



9 - 9o -Ro \ A-I l-Bflol 9 ii n 



d 

3-2 2,0 2 



2dqS\ , c2 (i? --Ro 



(2* - 2g) 



c2 

52 



550 3 ( ^ d /dR o 



Ad 



qoq Ro — Ro 



jL d 

,0 5 



90 \B Ro \* 
\BrJ«° 



(d-2)q d 
3-2 2,0 2 



R 



2dqSl 



R 



(2* -2?) (J? -i?oo) 2 + 55 



g-,o d 
g ,0 2 



4dw 



* <7og 



oo 
i?0 



9o,-Ro 



90 Ijflol 1 

whence the statement follows upon relabeling R^ as R. □ 
As a first consequence of the above inequalities, we can improve the local lower bounds of Theorem 



4.6 in this good supercritical range. 



Theorem 4.8 (Local Lower Estimates when 1 < p < p c ) Let C WL d and let A > 0. Let u be a 

nonnegative local weak supersolution in Br C!1(o —Am = Xu p , with 1 < p < p c = d/(d — 2). 



(4.32) 



inf u(x) = ini-ocR, 

x£B Roa 



> 



I~oo,q \\ u \\qji 



wtft d(p- l)/2 <g< <2/(d- 2) 



(4.361. 



for any < i?oo < R < Rq, where q G (0,qo A q], go and /-oo,? are given in (4.34) and Lq q is given by 

for q G (0, qo], e = e, with the definition of go to 



Proof. We use the local lower bounds of Theorem 
be recalled below, so that 



4.6 



(4.33) 
where 

(4.34) g < g := 



inf u(x) = \\u\\ 



d-3 

2t- 



xeB a 



and /_ 



-O0,i? 



> I. 



\q-Ro 



oo,q 



\B 



2 d S' 



dRl 



^0 



(i? - i?oo) 2 i? 2 , 



2 d e(d+ l).^^ 



Recall the reverse Holder inequalities of Proposition |4.7| 



(4.35) 



\B 



Ro 



h,q\B-R\ 



for any < R < R q G (0, g] and d(p - l)/2 < g < c2/(d - 2) 
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where 
(4.36) 



(2'-2q) 



(d-2)q 

3-2 2 i 



2dqS\ 



2* 
2q 




■I [ 

q 


Ro' 




Ro-R 







if 



rf-2 



q<q<q-, 



(2*-2g) (R -Ry 



?! 2 



H5) 



^9 <J 


-Ro" 







if < 9 < ^9 



with 90 as in (4.34). Combining inequalities (4.33) and (4.35) we obtain (4.32). □ 

Remark. The above lower bounds turn our to be important when applied to solutions, since they will 
imply directly a clean form of Harnack inequality when 1 < p < p c and then local absolute bounds, 
which is a novelty and a typical feature of the "good" superlinear case 1 < p < p c . We stress the fact 
that in the upper range p c < p < p s such absolute bounds can not be true, as explicit counter-examples 
show. We will give more details on these counterexamples in the next section. 



5 Harnack inequalities 



In this section we will show in a quantitative way how upper and lower bounds can be joined to form 
Harnack inequalities for solutions, and to obtain as a consequence absolute local upper (1 < p < p c ) 
and absolute local lower bounds (0 < p < 1), which are new, as far as we know. We first join local 



bounds of Theorems 3.1 3.9 (upper) and (|4.6[) (lower), to obtain a general form for Harnack inequalities, 



which at a first sight appear to be weaker than what expected, because its constant depends on local 
L 9 -norms of the solution itself. This is the only form of Harnack inequality that can hold for all 
< p < p s = (d + 2)/(rf — 2). To eliminate this quotient and to obtain Harnack inequalities in a more 
classical form one has to assume that < p < p c = d/(d — 2). 

This fact might seem puzzling, but there are very weak (distributional) solutions in the range p c < 
p < p s that are not bounded, cf. [251 H51 12S1 123 12H] > even when one prescribes zero Dirichlet boundary 
conditions. According to Mazzeo and Pacard 22J, in this range there are solutions with a singularity of 
the type \x — £o|~ 2 ^ p_1 ^ at a point x a € Q. Such solutions are not locally in L q with q > d(p— l)+/2 if 
p > Pc hence the local upper estimate fails for them when applied to a ball that contains the singularity. 
In this range there appears in a clear form the difference between weak and very weak solutions, which 
helps understanding these critical exponents. Regarding boundary behaviour, the range to consider is 
Pi < p < Ps, where p\ = (d+l)/(d— 1) is the exponent introduced by Brezis and Turner [5]. In this 
range there exist very weak solutions which are not weak (energy) solutions and can have a singularity 
at some points of the boundary and satisfy elsewhere on the boundary the prescribed condition in a 
suitable trace sense, not necessarily in a continuous fashion, cf. del Pino et al. |13j . 



Theorem 5.1 (Harnack inequality for < p < p s ) Let 57 C M d and let A > 0. Let u be a nonnega- 
tive local weak solution in Br q C 51 to —Au — \u p , with < p < p s — (d+ 2)/(d — 2). Given < Rq 
and e > we assume 



(5.1) 



< q < 90 



d — 3 

2 — 



du 2 d [e(d-l)+e] 



If < q < d/(d — 2) we also assume 



log 



2*-d(p-l) + 
2q-d(p-l) + 



Then the following bound holds true 



, q > 



d(p-l). 



not integer. 



(5.2) 



sup u{x) < H p [u] inf u(x) 
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where T-L p [u] depends on u through some local norms as follows 



(5.3) Hp[u] = H p [u](d,q,q,e,R ,Roo) = j 



oo,q 



(P~ 1 )+ \ 2q-d(p-l), 



f„ u(P-!)+ dx 



(A 



Ro 



i q dx 



(k 



Ro 



i q -dx 



with Ioo,q given by (3.5), I-oo,q is given by (4.16) 



Proof. We recall the local upper bounds of Theorem 3.1 for any Br^ C Br C ft 

d 

(P- 1 )+ \ 2g-d(p-l) + 



(5.4) IMIoo,^ < Ioo.q 



\ 



f „ da; 



\q,Ra 



J 



\B 



for any q > 



dip -I), 



Ro 



where I<x,q is given by (3.5) and when < q < d/(d— 2) we require the additional condition (3.7) on q 



We also recall the lower bounds of Theorem 
bound holds true 



4.6 



for any e > and for any q as in (5.1 1, the following 



(5.5) 



i nf ^g-B Roo u{x) \B Ra \i > 

^-oo, 9 IMk-Ro 



where /_ 

oo.q is given by (I4T6J). Joining (|5.4[) and (|5.5[) gives (|5.2[) . | | 



Theorem 5.2 (Harnack inequality, < p < 1) Let fl C M. d and let A > 0. Let u be a nonnegative 
local weak solution in Br C Q to —Au = XvP , with < p < 1. For all Rrx, < Ro the following bound 
holds true 

sup u(x) < Hp inf u(x) 

where H p does not depend on u , and is given by 
(5.6) 



(ii?Q Rg 



ryd c4 p2 

(Ro-Roo) 2 y(Ro-Roo) 2 ' R 2 X 
"' 2(d-2)Vd 



d 



d" 2 / (Vd-Vd^2) 



d 

d-2 (Ro-Roo) 2 f d-2 



go 



±L oo 



\dq -(d-2) 



with 



(5.7) 



go 



d-2 



and no = 



I (d?o) 
log(e(d-l)4pr) 3 



Proof. The goal of the proof is to simplify the quotient of L 9 -norms in the expression of the constant 



% p [u] of the Harnack inequality (5.2). Since we are dealing with the range < p < 1, we can choose 



0<q = q = qo = q (e) 



2t 



du%[e(d-l) + e] 



and g > with 



lp g| 



not integer. 
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In fact, we shall arrive, with a suitable choice of the parameter e, to a value of go smaller than d/(d — 2), 
so that the requirement log |= /log n °t being integer is necessary. The latter condition means 
qo(s) 7^ [(d — 2)/d]" for all n g N, and this is possible since we can always choose £ 



< 



2 — e(ct — 1) so that go = 



d-2 



duj 2 , 



where no is the first integer n such that e(n) > 0, which is 



n = i.p. 



lOi 



(e(d 



1 <^d . 

I d-3 j 1 



log — 

1U 6 d-2 



The constants become in this case 

ci<S 2 Rq 



(5.8) 



(RO - Rao) 2 

A 



d-2 



2{d-2) 



(Vd-Vd-2y 



d-2 (Rq - Roo) 2 i <l-2 



max 



S 2 R 



Qo Rio 

^ f / d \ d 2(d-2)Vd 



(i?o — 



d—2 {Rq — i?oo 
Ap H 1 — max 



rf - 2 / (Vd-Vd-2 
(d-2 



QO Rio 

where A p = 2 if p ^ 1, A p = A/4 if p = 1 and, since go < d/(d — 2) 



1^-^-2)1^ 



(5.9) 



ci := max 

i=0,l 



'Zo (3-2) 



fco— 1+2 



(d- 2 ) 



fe0-l+2 



= max ■ 

i=0,l 



___ 

d-2 



' + J 



(d-2) 



»+i 



Vd- Vd^2 



since /«o is given by: 

fc = i.p. 



log 
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= i.p. 


log 


d 

d-2 _ 



log i 



loe 



d-2 



1 + n - 



= n + l 



and the last step in (5.9) follows by an explicit calculation. Moreover I-oo,q given by formula (4.16) 
takes the form 



2 d S- 



G?i?0 ^0 
1 1 (i?0-i?oo) 2 + Mo 



2 d (ed + e)^/uJd 



dR 2 



nd r2 

- ^ 1 (i? -i?oo) 2 ' i? 2 



290 



•' \ 2 ^ e(d-l) 



d-2 



dwj 



\ nn-i d-3 
Z 1 1 d-2 j duj 



Hence we get the expression of H p = Ico,q /I-ao,q given in (5.6 1 . □ 

When p > 1 we can not join the upper and the lower bound so easily, we need the improved lower 
bounds of Theorem |4. 8 1 valid only when p < p c . 
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Theorem 5.3 (Harnack Inequalities when 1 < p < p c ) Let C M. d and let A > 0. Let u be a 

nonnegative local weak solution to —Au — Xu p in Br C f2, with 1 < p < p c = d/(d — 2). Then for any 
< Roo < R < Rq there exists an explicit constant % p > such that 



(5.10) 



sup u{x) < Hp inf u(x) 



where H p does not depend on u , and is given by 

IT \ 2g- 

(5.11) H p / x ' 



I. 



with 



dip -I) 



<q< 



oo,q 



d-2 



where the constants q <E (0, go A l]; Qo an d I-oo.q ar e given in (4.34), Lg q is given by (4.36), Ioo,q is 
given by (3.5); moreover, since q < d/(d— 2) we require the additional condition (3.7). 



Proof. We first consider the lower bounds of Theorem L8 Let fl C M. d and let A > 0. Let u be a 
nonnegative local weak supersolution in Br C fi to — Au = Xu p , with 1 < p < p c = d/(d — 2). Then 



(5.12) 



\q,R 



< 



'9,9 



inf u(x) 



for any < R^ < R < Rq, where d(p — l)/2 < q < d/(d — 2), q € (0, g A g], qo an d I-oo, q ar e given in 

which we rewrite as 



(4.34) and Iq„ is given by (4.36). Then we recall the upper bounds of Theorem 



3.1 



(5.13) 



\ u \\oo,R 



oo,q 



< l n 



i(p-i)h 



\Br 



2q-d(p-l) + 



(P-_D + r u (p-i) +da . 

|%| « JB «=e 



d(p-l) 
2?-d(p-l) 



7 + 1 



inf u(x) 



q,R 



for any q > 



d(p-l) + 



where Ioa,q is given by (3.5) and since < q < d/(d— 2) we require the additional 
condition (3.7). In the third step we have used the lower bound (5.12). □ 

Remark. Notice that the constant W p does not depend on u in the range < p < p c , and it does 
not depend on A > when moreover p ^ 1. 



6 Local Absolute bounds 

In this section we will prove local absolute lower bounds when < p < 1 and local absolute upper 
bounds when 1 < p < p c as a consequence of the Harnack inequalities of the previous section together 



with the Caccioppoli estimates (2.11). 



Theorem 6.1 (Local Absolute bounds) Let O C M. d and let X > 0. Let u be a local nonnegative 
weak solution to —Au — Xu p in Br C f2, with < p < p c = d/(d—2). Then for any < R^ < R < Rq 
there exists a constant H p > that does not depend on u, such that 

i 

{6A) JsZo) ~ %P Uro 8 %&) P 1 Wh£n 1<P<P ^^ 
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and, if u ^ on Br 



(6.2) 



inf u(x) > H, 



x£B R (x a 



_! ( , \{R Q -R) 2 R d \ 



w/ien < p < 1 . 



TTie constant T~L P is given by (5.6) w/jen < p < 1 and 6j/ (5.11 ) when 1 < p < p c 



Proof. We combine the quantitative Harnack inequalities of Theorems 5.2 and 5.3 together with the 



quantitative Caccioppoli estimates (2.11) 



A 



(R - R) 2 



inf u(x) < 
xeB R 



which implies, when p > 1 
(6.3) 

and when < p < 1 as 



\B 



< 



R\ JB R 



\B f 



< 



8R$ 



A(i? - R) 2 R d 



< 



sup u(x) p 1 



= sup u{x) 



f n u^- 1 dx / 

< j Br / 

The above inequalities can be now combined with the corresponding Harnack inequalities of Theorems 



5.2 and 5.3 which have the form 



sup u(x) < Hp inf u(x) 

xGB R xeB R 



to obtain the desired bounds in both cases. The constant T~L P is given by (5.6) when < p < 1 and by 
(5T1]) 1< p < p c . □ 

Remark. These bounds are new as far as we know. Notice that they depend explicitly on A. 



7 Regularity. Local bounds for the gradients 

In this section we will prove L°° bounds for the gradients, to conclude that solutions to — Au = Xu p 
are indeed local Lipschitz functions. The strategy to prove such results is to show that the incremental 
quotients u^j satisfy the equation —Auh.i < b(x)uh,i for a suitable b{x), so that we can apply the local 
L°° bounds of Theorem 13.81 . 

Short reminder about incremental quotients in W 1,q . Here we follow Giusti [20]. It is well known 
that if u € W 1,q (Q) then its incremental quotients is defined as 

u(x + heA — u(x) 

Uh.i ■= r 

n 

where ej denotes the unit vector in the direction xi , cf. [TBI |2"U] . Let us recall some properties of the 
incremental quotients: 

(i) If u G W 1,q (il) , then its incremental quotient u^ i is defined in the set 

£L\h\ := {xefl\ dist(a;, dfl) > \h\} , moreover Uh.i € W 1,q (fl\h\) ■ 

(ii) If u € for 1 < q < oo and Eccfi, then for any \h\ < dist(E, tt)/(10Vd) we have 
(7.1) || "ft,; || l<i(£) < 5« ||9iu|| Lg (Q) . 
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for a proof of the latter fact we refer to Lemma 8.1 of 20 . 

(iii) Let u <E L 9 (S1), 1 < q < oo , and assume that there is a constant K such that for every h small 
enough we have || 1 1 l« (n r fa i ) — K- Then diU <E L 9 (fi) and ||dtu||x,<(n) < K . Moreover Uh,i — > d{U in 
L? (f2) as h — > . For a proof of this fact we refer to Lemma 8.2 of [3U] . 

We can now state and prove the following theorem. 

Theorem 7.1 (Local upper bounds for the gradient) Let O C M. d and let A > 0. Let u be a local 
ncmnegative weak solution to —Au = XvP in B Ro C f2, with < p < p c = d/(d — 2). Then for any 
< Roo < Ro we have 



(7.2) 

where 

(7.3) 

with 
(7.4) 



IVuHoo,^ < K[u] \\u\\ 2 ,r 



K[u] = 



15 



Rq — Roo 

16(d + 2)- 



A b PtRo [u] + 



(Rq — Roo) 2 
9RL 



18d 



(R - Roo) 2 



2d d 
~2*~ 



dSl( P Vl)Y 4(R -Roo) 2 



d-2 



9(d-2) 



\b Ro \^- (xb PiRo [u]y 



°P,R 



u] < 



8R d nj p - 11 

A(i? -i?co) 2 ^ 



ifp = 1 j 

if < p < p c and p ^ 1 
ifPc <P < Ps , 



where the constant H p is given by (5.6) when < p < 1 and by (5.11) when 1 < p < p c . 

Proof. The proof is divided into several steps. We start fixing ho > small enough. 

• Step 1. The equation satisfied by the incremental quotients. First we deduce formally the equation 
for the positive and negative part, then we justify it rigorously at the end of this step, using Kato's 
inequality. If u is a solution to — Au = Xu p , then the equation satisfied by , is 



(7.5) 
where 

(7.6) 



Au L = b+ ( x > h ) u h,i < x (pVl)b p u+ A , for all \h\ < h . 

if 1 < P < Ps 



p-i 



bp = b PiRo [u] 



sup u 

B 



inf u 1 -p 



if < p < 1 



and we observe that b p ^ R [u] < bp jRo [u] for any < R < Rq. Indeed, when u^^ > 0: 

^ + ^u p (x + hei) — u p {x) u p (x + hei) — u p (x) u(x + hei) — u(x) 
h ' % h u(x + he t ) - u{x) h 

< A(p VI) m&x{u p - 1 (x + he l ),u p ~ 1 {x)}u^, 



b+(x,h)u+ 



by using the numerical inequality (9.2), namely (a — c)(a p — c p ) < (pVl) max{a p 1 ,c p 1 }(a — c) 2 valid 
for any p > and all a, c > to estimate 

b + (x,h) = \ uP [ X + ^ i l~ uP }*' ) <A(pVl) mzxlvP- 1 ^ + he i ),u p - 1 {x)\ 
u(x + het) — u(x) 
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we have used the fact that u p (x + hei) — u p (x) and u{x + he{) — u{x) have the same sign. 
When p > 1 we have 



-Au+ t = b+(x, h) u+ hi < X(p V 1) sup (up- 1 ) «+ . , 
while when < p < 1 we have 



} R+h Q 



A(pVl) 



inf w 1 ^ ' l < 



3 K+ft Q 



On the other hand, if u is a solution to —Au — Xu p ', then the equation satisfied by i is 
(7.7) -Au^ i = 6-(rs,^)u^ i <A(pVl)6p«ii- ii , for all < ft , 



where b p is given by (7.6). Indeed when Uh,i < we have that 
-Au 



"h,i 



u p (x + heA — u p (x) u p (x + heA — u p (x) u(x + heA — u(x) _ 

A ; = -A ; ; ; — ; 1=6 (l, ft) U ft { 



+ hei) — u(x) h 
< X(pV 1) max {u p ~ 1 (x + hei), tt p_1 (a;)}«^. 



for the same arguments as above. Now it remains to justify the formal calculations made above. First 
we recall Kato's inequality: if j : R — > R is a convex function such that j(0) = 0, > if u > 0, then 
Aj(v) > j'(v)Av, in the weak sense, whenever Au G L 1 1 oc (f2) . Consider a sequence of convex function 
j e that approximate j{uh ; i) = uj li and such that j e (0) — 0, j' e {uh t i) > if u/j.i > 0. Then by Kato's 
inequality, we have that indeed u + satisfy the weak formulation 

/ Vy> • Vj £ (uh,i)dx = - / tpAj £ (u h)i ) dx < - V } f e i u h,i)Au hti dx= ip i' e (u h ^)b + (x)u hA dx 
Jk Jk Jk Jk 

I v{ie{uh,i) + z)b + {x)dx 



K 



for any subdomain with compact closure K C O, and all bounded < </? € C^if). Passing to the limit 
as e — > proves that is a weak subsolution to — Au^ < 6 + (x)u^. A similar procedure can be 
applied to uZ,, therefore all the formal calculations made above are justified. 

• Step 2. L°° -bounds for the gradients. Since \v,h,i\ = ut, + u hi is a weak nonnegative subsolution to 
— Alu/jJ < A(pV 1) bp \uh,i\ '■= b(x) \v,h,i\ , we can apply the upper bounds of Theorem 



3.5 



that read 



(7.8) 



II || 
||M/M||oo,fl - d \\ u h,i \\2,R+ho 

ht 



with q = 2 and the expression of the constant obtained by letting r — > oo, since b(x) <E L oo (_B/? + / l0 ): 



Kf\b] = 



(7.9) 



since 



< 



2d d 
~W 

2d d 
~2t 



16(d + 2) 



16(d + 2) 



i? 2 



i? 2 



d5| 



4fc 2 



d-2/ d-2 



l-B 



fl+ho I 



-5-||6|| 



OO.i?+/lo 



dS 2 (pVl)\ 2 4ft 



HI 



oo,R-\-ho 



d-2 



(A(pVl) bp) 



d-2 



a -\ Bll+ho \^ (\b p y 
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Next we observe that by inequality (7.1) it follows that for any 8 > and any \h\ < S/(10Vd) we have 

II Uh,i || 2,R+h a < ^\\diU\\ 2 M+h a +S- 

Finally, since 

I|m/mIU-r ^ii II ^ is 



\Bk, 

holds for any \h\ < ho with K that do not depend on s, then by remark (iii) above we have that 

ll^-wlU.iJ 



\Bi 



< K. 



Letting now s — > oo in the above expression gives ||<9iu||oo..R < K. Therefore we have proven that 

iff [b] 



(7.10) ||d, u | 

with K^\b\ as in (17. 91) which implies 
(7.11) 



oo,R 



< 



5 2 \\diu\\ 2 ,R+ho+8 ■ 



"uWoo.R < 2 5 2 \\Vu\\ 2 ,R + ha+6 ■ 

h'A 



• Step 3. Energy inequalities. We now need the energy inequalities (2.3 1 to estimate the L norm of 
the gradient of u in terms of u itself. We choose a = 1 there so that the choice 8 = is admissible. 

/ |Vu| 2 iy9da;< / |Vii| 2 </?d:r < A / u p+1 (pdx+- I u 2 A(pdx 

JB R+ho+5 Jq Jq 2 in 



< A 



(7.12) 



i p+1 dx 



< A b r , 



R+h +26 

2d 



2d 



u 2 dx 



R+h +25 



i 2 dx 



2d 



' lA&p + ^-lll" 



l2,_R+/io+2<5 



since we have used the fact that u p 1 < b. p for any < p < p s and the test function <p of Lemma 
with the choice of balls B R+ho+s C B R+ho+2 g. 

• Step 4. Putting all the pieces together, we have obtained 



2.2 



(7.13) 



(3) (3) 



2d 



M|2,fl+/i +2c5- 



We finally choose ho = 8 > and we let Roo = R, Rq = R+ho+26 = R + 38, so that 8 = (Rq — Roo)/3 
and we have obtained 



(7.14) HVttlU,^ <K^\b] 



15 



Rq — Ro 



18d 



(R - Ro,,)' 



\u\\ 2 ,r.„ ■= K[u]\\u\\ 2tRo 



where we recall that, with the above choices of ho, 8 we have (see (7.9)) 
(7.15) 



K®[b]< 



2d d 



d\ s 



16(d+2) 



(i? -i?oo) 2 , fdS 2 ( P Wl)Y MRo-Roc) 2 |D 



9i?2 



;2 

f2 

d- 2 



9(d-2) 



|Sfl,l^ (A6 P ) ! 
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Finally we observe that b p can be bounded depending on the values of p as follows: 

8R d 



(i) If < p < 1 we can use the absolute bounds (6.2 1 to get 

1 



(7.16) 



inf «!-!■ P A(i? -i?oo) 2 ^ 



the constant T~L P being given in this case by (5.6 1. 

(ii) If p = 1 then b p = 1 . 

(iii) If 1 < p < p c we can use the absolute bounds (6.1 1 
(7.17) 



b r , = sup u p - x [x) < W' 1 

xGB R (x ) 



8R d 



the constant T-L p being given in this case by (5.11). 
(iv) If p c < p < p s , we just leave b p = |M|^ ■ □ 

When 1 < p < p c we have local absolute bounds for the gradients, which seem to be new. 

Theorem 7.2 (Local absolute bounds for the gradient when 1 < p < p c ) Let ft C R d and let 

A > 0. Let u be a local nonnegative weak solution to —Ait = Xu p in Bji C Q, with 1 < p < p c = 
d/(d — 2). Then for any < Roo < Rq we have 



(7.18) 

where 

(7.19) 



IVul 



< K 



K = 



d d 
2 d - x 



16(d + 2) 



(15) 5 H p Lu*R 



1 d 
> 1 
X 



(Ro - i?oo) 1+5 + ^ 



8R d W p - 1 
RL 



I8d 



(8R d 



(Ro-Roo) 2 , (dStpY* tf+^J^ 1 R7 +l " -* 



9RL 



d-2 



9(d-2)(R -R OD y( d -i)R: 



T~L P 



where the constant Ti p is given by (5.11) and depends on i?Qj^?oo as well. 



8 Table of results 

Let us resume the main results of this paper: recall that d > 3 and 

d d + 2 _ d(p-l)+ 2^ 

d — 2 a — 2 2 du;;j[e(d — 1) + e\ 





Upper I 


Upper II 


Lower 


Harnack 


Absolute 


Gradient 


< p < 1 


< q- 
Thm. 


■> cx 
3.1 


3 


go > 0, 
Thm. 


r > 
3.9 





< g < 
Thm. 


C go 
4.6 




rip 
Thm. 


5.2 




lowe 
Thm. 


r 

6.1 




uppe 
Thm. 


;r 

7.1 




p = l 


< q- 
Thm. 


■> cx 
3.1 


3 


go > , be 

Thm. 


L' , 
3.8 




< g < 
Thm. 


C go 
4.6 




Hi 
Thm. 


5.2 




No 


uppt 
Thm. 


ir 

7.1 




1 < p < Pc 


q<q- 
Thm. 


■» cx 
3.1 




go > , b = Au p_ 
Thm. 


1 G 
3.9 


17 , r>q 


q<q< 
Thm. 


; Pc 

4.8 




l~Lp 
Thm. 


5.3 




uppe 
Thm. 


:r 

6.1 




absoh 
Thm. 


itc 
7.2 




Pc < V <Ps 


q<q- 
Thm. 


■> cx 
3.1 


3 


go > , b = Am p ~ 
Thm. 


1 G 
3.9 


L r , r>g 


< g < 
Thm. 


C <7< 
4.6 




I' 

Thm. 


'1 

5.1 




No 


upp« 
Thm. 


:r 

7.1 
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Recall the bounds: 



,.i+m(p-i) + 

Upper I N| L ~ (BBc j iKf-lX^ < /»„ 



Upper II llulloo.Boo < 



Lower inf xeBnoo u(x) = ||u|| l -oo (Broo j > I-oo,g 



4(2) , 4(3)111, II 2F^d 



with /_t 



2g-d(p-l)_ l 



- 'in 



Harnack sup xeBR u(a;) < inf^s^ u(x) 

where T-L p [u] depends on u only when p c < p < p s through some local norms as follows 



H p [u] = H p [u](d, g,g,£,i? 0) -Roo) = 7 



f„ u« da; 



(P-1)+ \ 2q-d(p-l)_|_ 



V 



f„ u (p - 15 + dx 



f„ «« da; 



whereas H p [u] can be taken to be independent of u if p € [0,p c ), see (5.6 1, (5.11 ) 
Gradient UVuHoo,^ < K[u] \\u\\ 2 ,r • 



9 Appendix. Numerical Identities and Inequalities 



Sum of some series. 



Ely) = E 



d-2V d-2 



" N J d / 2 ^ 



E V 2* y 2 1 2 

since for any Q < s < 1 we have, for any < N E N 



d(d - 2) 



E 



d-2 f 2 



2 V 2 



Ei 

J=0 



AT 7 

S 7 = fi- 



ds 



ds \ ds \ 1 — s 



ds 



1 - s 



Stirling's formula: 

(9.1) n\ = V2 

We recall that 



N-times 



e Q " with 



1 1 

< a„ < . 

12n + l ~ 12n 



r d/2 



(2e^) £ 



r(l + f) d d e a Wdir 



1 1 

with — < ad < — :• 

6d + 1 - 6d 



□ 



Lemma 9.1 TTie following inequality holds for any a,b > 

(9.2) (a-6)(a p -6 p ) < (pVl) max {a p -\ o^ 1 } (a - o) 2 , 
Moreover the following inequality holds for any a, > and p > 1: 

(9.3) a^-^^pP-^a-fc). 



and /or any p > . 
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Proof. If a > b the validity of (9.2 1 is equivalent, setting x = -, to the validity of (1 — x)(l — x p ) < 
p(l — x) 2 for all x £ [0, 1], that is to 1 — x p < p(l — x) for all x £ [0, 1], which does in fact hold if 
P > 1 by the concavity of ,g(x) := 1 — x p , since the line h(x) := p(l — x) is the tangent to g at x = 1. 
The case a < 6 follows as well by interchanging the role of a and 6. The case < p < 1 can be proven 
analogously: if fact the stated inequality is equivalent to 1 — x p < 1 — x for any x £ [0, 1], which holds 
true by the convexity of h(x) = 1 — x p for any p £ (0, 1). 

1 > p(x - 
1. 



The second inequality (9.3| follows by the inequality x v 

f p — 1 is convex so that its graph lies above its tangent at x 



since 



1) for all x > which is valid 
□ 
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